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One example of a SONAR equa t ion ,  f o r  t h e  pas s ive  de tec-  






D I  = 
DT = 
SL - TL NSL + 10 Xogw - D I  + DT 
Source Level of t h e  t a r g e t  being de t ec t ed  pas s ive ly  
Transmission Loss a s  t h e  s i g n a l  propagates  t o  t h e  de- 
t e c t o r  
Noise Spectrum Level of t h e  ambient no ise  i n  t h e  ocean 
Frequency Bandwidth of t h e  d e t e c t i n g  system 
D i r e c t i v i t y  Index of t h e  d e t e c t i n g  system 
Detect ion Threshold of t h e  d e t e c t i n g  system f o r  a 50 
pe rcen t  p r o b a b i l i t y  of d e t e c t i o n  and a s p e c i f i e d  pro- 
b a b i l i t y  of a fa lse-a larm 
The equa t ion  s t a t e s  t h a t  i f  t h e  i n e q u a l i t y  is  s a t i s f i e d ,  
then t h e r e  i s  a b e t t e r  than f i f t y - f i f t y  chance t h a t  t h e  de- 
t e c t i n g  system w i l l  d e t e c t  t h e  presence of t h e  t a r g e t ,  and 
a t  t h e  same t ime no more than some s p e c i f i e d  chance of say- 
i ng  a t a r g e t  is  t h e r e  when it r e a l l y  i s  no t .  
The purpose of t h i s  course  is  t o  provide t h e  phys i ca l  
and conceptual  background necessary t o  understand t h e  meaning 
of each of t h e  above terms and o t h e r s  which a r e  combined t o  
form t h e  SONAR equat ions .  A t  t h e  end of t h i s  course ,  t h e  
s t u d e n t  should be a b l e  t o  apply t h e  app rop r i a t e  SONAR equa- 
t i o n  t o  a given problem and e s t ima te  such th ings  a s  maximum 
d e t e c t i o n  range,  optimum r e c e i v e r  depth ,  necessary bandwidth, 
e t c .  
HYDROSTATIC PRELSSURE 
Suppose a  very small hollow g l a s s  sphere has a  vacuum 
ins ide .  I f  it is placed i n  s t i l l  water ( o r  any o t h e r  f l u i d )  
t h e r e  a r e  compressive fo rces  a c t i n g  a t  a l l  po in t s  of t h e  
s p h e r i c a l  su r face  which tend t o  crush it: 
L/ FLU t D 
6 0 
* 0 0 
0 - C \ I -  .I a ,. 
~ The magnitude of t h e  compressive f o r c e  ac t ing  on any 
l i t t l e  element of a r e a  of t h e  sphere i s  e s s e n t i a l l y  cons tan t .  
This fo rce  magnitude divided by t h e  a rea  over which it a c t s  
i s  t h e  hydros t a t i c  pressure ,  (3,. 
To get a feel for the magnitudes of hydrostatic pres- 
sures found in ordinary circumstances, consider the follow- 
ing : 
(1) Near sea level the hydrostatic pressure of the air is 
14.7 lb/in2 a 1 atmosphere of pressure. 
(2) Just beneath the surface of the ocean the pressure is 
2 also 2 14.7 lb/in . 
( 3 )  At a depth of 33 f t  under the surface of the ocean the 
2 hydrostatic pressure is @ = 29.4 lb/in = 2 atmo- 
spheres. This is t h e  sum of the weight of a column of 
sea water with 1 in2 cross section and height of 33 ft 
and the fo rce  that the atmos2here exerts on the top of 
I the water column. 
(4) In like manner, at a depth of 66 ft the total hydrosta- 
- 
tic pressure is 44.1 lb/in2 = 3 atmospheres. 
ACOUSTIC PRESSURF: 
Sound is composed of very small pressure fluctuations 
p(t) disturbing the total average hydrostatic pressure 
These radiate away from the source into the fluid. 
A Source radiates 
Hydrophone receives 
the sound by sensing 
p (t) 
Time 
+\COUSTIC PRESSURE = 
p ( f 1  i a  Zhe yuan f iZy  aenaed by m a s Z  hydttophanea, 
a i n c e  t h e y  ake  s e n n i t i v e  Za changes i n  f h e  XutaX 
p k e ~ n u t e .  
MONOFREQUENCY SIGNALS 
For ease of discussion, we will at first restrict our- 
selves to consideration of tonals (monofrequency signals). 
Later on, we will see that more complicated signals can be 
broken down into a collection of monofrequency signals. 
The time history of the acoustic pressure at a given 
point in space for a monofrequency signal can be represented 
as a sine wave, 
P = The effective amplitude of the acoustic pressure. This 
is not the same as the peak amplitude A, but is more 
convenient. It turns out that P = A/+/?? = 0 7O7A 
for monofrequency signals. 
T = The period of the monofrequency signal. The period is 
the time interval required for the acoustical signal to 
go through one complete cycle, returning to the confi- 
guration it had at the beginning of the interval. The 
frequency f of the wave is the number of cycles per 
second, and is given by f .= 1/T. 
Not ice  t h a t  @ and P hepneaent  ZotaLLy di66etren-t q u a n t i 2 i e a ;  
@ i a  t h e  inatantaneoua h y d n o a t u t i e  phehhuhe and P i h  t h e  
e66ecXive ampt i tude  0 6  t h e  a c o u a t i c  pxeaaune. 
A SINEWAVE IN TIME 
A SINEWAVE IN SPACE 
X = the wavelength of the signal. It is the distance over 
which the signal goes through one complete cycle. 
SPEED OF SOUND 
r h 1  
A wave advancing through space is like a train traveling 
along the tracks: 
The length of each boxcar is the wavelength A, and the 
time it takes each boxcar to pass the observer is the period T. 
The train advances a-distance X in a time T, so its speed 
c must be A/T. 
c = X/T 
Since the number of cars passing the observer in unit time 
(I sec) is the frequency f = 1/T,  
A TRAVELING WAVE 
A t  a  given p o i n t  i n  space,  x has  f i x e d  va lue  s o  t h a t  t h e  
p re s su re  a t  t h a t  p o i n t  depends only  on t i m e .  I f ,  f o r  s impl i -  
c i t y ,  we t a k e  x = 0, then 
p ( 4 4 ) :  A w L ( ~ r r $ t )  an bedot ie 
( p a g e  6 1 .  
On t h e  o t h e r  hand, i f  w e  look a t  t h e  wave a t  one i n s t a n t  
( i .e . ,  t ake  a  p i c t u r e  of it) then t = cons t an t ,  and p  depends 
only  on x. I f ,  f o r  s i m p l i c i t y ,  w e  t a k e  t = 0, then 
Z n  agai~ 
.p (+, 0 )  = - A &w(T +) an bedoxe 
( p a g e  6 1 .  
1 ,- ,- , 
I f  w e  keep t r a c k  of a  given p a r t  of t h e  wave, then a s  time 
inc reases  t h i s  p a r t  moves towards l a r g e r  x wi th  speed c .  
HYDROPHONE OUTPUT VOLTAGE 
Hydrophone Sensitivity 
v 
where V and P are the effective amplitudes of 
the instantaneous voltage at the output terminal 
of the hydrophone and the pressure sensed by it. 
DISPLAYS 
OSCILLOSCOPE 
instantaneous voltage v(t) 
VOLTMETER 71 
some average voltage 
effective voltage JL \Tv2Ak ' 
T 
0 
BEARING RANGE m C O R D E R  
(active sonar) 
brightness related to the 
strength of the echo returned 
from each range and bearing 
L O F A R - G W -  (passive sonar) 
paper is electrically burnt, with 
darkness related to the strength 
of the signal received at each 




Intensity = energy crossing unit area in unit time 
where "area" is the area of a "window" perpendicular to 
the direction of travel of the wave. 








density = mass per unit volume of the medium, 
specific acoustic impedance of the fluid. 
Density Speed of Sound - PC= 
10 2 6 kg/m3 1500 m/sec 6 1.54~10 Rayls 
1.21 kg/m3 343 m/sec 415 Rayls 
M See Appendix A if scientific notation ( N  x 10 ) is new to you. 
SIZES OF THINGS IN WATER 
Speed of sound, frequency, and wavelength: 
The speed of sound in sea water is approximated by 
3 
c - 1-5 x 10 m/sec + a few per cent. 
- 
It must be remembered that because of depth, temperati et 
salinity, and contamination there may be variations up to a 
few per cent in the exact value of c. 
I 
Approximate wavelengths in water of monofrequency -sounds of 
different frequencies are: 
Frequency Wavelength 




1 kHz = 1000 cps 1.5 
5 0.3 
10 0.15 
50 0.03 = 3 cm 
l m  = 1.09 yd 
Pressure amplitudes: 
1 atm lo6 pb 
= 1 atmosphere = 14.7 lb/in2 at the ocean surface 
Qd increases by about 1 atm for every 33 ft of depth in , 
I 
water. 
Representative acoustic pressures generated near a sonar trans- 
mitter: 
4 6 1 P 10 to 10 yb or 0.01 to 1 atm. I 
. I 
I 
If P - @/Jr then cavitation is likely and performance may be 
degraded. Representative weak acoustic pressures detectable by 
a sonar receiver: 
-8 P ilb or 10, atm. 
CAVITATION 
Ocean waters contain dissolved gases. 
If a sample of sea water is depressurized, it is observed 
that the dissolved gases can come out of solution, forming 
bubbles. If the pressure is restored, these bubbles will col- 
lapse. 
This process can occur when a high amplitude acoustical 
wave passes through water. If the peak acoustic pressure am- 
plitude is greater than a certain value, then the negative 
acoustic pressure causes the water to "boil" and give up its 
dissolved gases in the formation of bubbles. When the same 
portion of water is then compressed by the positive portion 
of the wave, the bubbles collapse suddenly. The sound of these 
collapses resembles that of frying fat. 
Cavitation corrodes surfaces on which it occurs, and tsans- 
forms acoustical energy to heat. Cavitation sets a natural 
limit on the useful strength of sound waves in water. 
For frequencies below about 10 kHz, and pulses longer than 
100 millsec, the peak acoustic pressure amplitude for cavitation 
is about the same value as the total hydrostatic pressure q ,  
SOUND PRESSURE LEVEL = SPL 
Both  P and Pref a r e  effect ive pressure amplitudes. 
The u n i t  of SPL is  t h e  decibel ( d B ) .  
SPL re  Pref = 20 log (P/Pref 1 
r 
E x a m p l e s  
0 . 0 0 0 2  ub (o ld  n o i s e  m e a s u r e m e n t s )  
'ref = l u b  (o ld  c o n v e n t i o n a l  s t a n d a r d )  
1 p P a  (new Navy s t a n d a r d )  
1 9 4  dB re 0 . 0 0 0 2 p b  
6 If P = 1 0  p b  1 atm, then SPL = 1 2 0  dB re l p b  
2 2 0  dB r e  1 p P a  
1 1 4  dB re 0 . 0 0 0 2 u b  
If P = 1 o 2 ~ b  a t m ,  t h e n  SPL = 4 0  dB re l p b  
1 4 0  dB re 1 p P a  
1 
3 4  dB re 0 . 0 0 0 2 p b  
If P = 1 0 - ~ p b  l o - *  a t m ,  then SPL = dB r e  l p b  




16 t h e  t e a d e i t  i a  n o t  uaed t o  w o ~ h i n g  ~ i t h  L a g  t o  t h e  babe 1 0 ,  
he ~ h o u l d  c o n s u l t  A p p e n d i x  A .  
CONVERSION BETWEEN SPL'S WITH DIFFERENT REFERENCE PRESSURES 
For a given pressure amplitude 
SPL re lyPa = SPL re lpb + 100 dB 
SPL re 0.0002yb = SPL re lyb + 74 dB 
Notice 
0 dB does - not mean the absence of sound, but means P = 
'ref* 
If P = 
'ref ' 
then 
SPL = 20 log(P/Pref) = 20 Log(Pref/Pref) = 20 tog 1 = 0 dB re Pref 
t h e n  1 0  log  mref = 1 0  Log P  2 /Pref = 20 Log P/Plef 
T h u s  
I t 
I I L  r e  I r e £  = SPL re Pref - if 'ref - 'ref 2/(~~) I 
Notice t h a t  t h e  l eve l  of a s i g n a l  i n  d B  
i s  o b t a i n e d  by 20 Log ( P r e s s u r e  Rat io)  
o r  1 0  Log ( I n t e n s i t y  Ratio) 
f a n  oun punpoaea ,  I L  a n d  SPL a t e  t o t a L L y  e q u i v a R e n t  when 
'ref and 'ref ane neLaXed b y  
2- -/ TRRNSMISSION LOSS 
A 
= 20 Log --- 
'ref 
L 
= 20 Log - 
'ref 
The Transmission Loss TL is a measure of the reduction in 
SPL of a signal as it traverses the distance between a point 1 
meter to a point r meters from the source. Transmission Loss 
is referred to the SPL at 1 meter: TI, = 0 dB at r = 1 m. 
  or large sources with complicated "near fields" the SPL (1 
meter) must be found by extrapolating back from the less com- 
plicated region at distances larger than 1 meter.] 
T L  does no2 depend an t h e  h e d e n e w e  pheaduhe. 
-
L e t ' s  c o n v e r t  t h e  above S P L ' s  t o  reference 1 p P a  and 
recalculate t h e  TL. 
Now SPL a t l m e t e r  = 2 2 0  dB re 1 p P a  
SAMPLE CALCULATION OF TRANSMISSION LOSS 
If SPL a t  1 meter = 1 2 0  dB re l u b  
and SPL a t  r a n g e  r = 4 0  dB  re l p b  
then TL = 1 2 0  - 4 0  dB = 8 0 d B .  
and SPL a t  r a n g e  r = 1 4 0  dB re 1 p P a  
s o t h a t  TL = 2 2 0  - 1 4 0  = 8 0 d B .  




A = distance from the axis of the c y l i n d e r  
The ItoItaL Itrransmiaaian Luaa TL can be conaiderred Ito arriae d h o m  
;two di6berren.t causen:  
I. TRANSMISSION LOSS FROM SPREADING 
As the rays of sound propagate out from the source and tra- 
vel through the water, they will bunch together or spread out 
depending on the properties of the speed of sound profile for 
the water. The transmission loss which arises from this effect 
is termed 
TL = transmission loss from spreading, 
g 
Some simple examples of spreading for rays traveling straight 
lines are 
Spherical spreading 
TL = 20xogr 
g 
Cylindrical spreading 
TL = 10logr 
g 
of its path, and the above simple equations will appear in the 
complete transmission loss equation. 
??o spreading 
TL = O dI3, 
g 
In the real ocean, the rays never travel in straight lines, 
so that these above simple examples are unrealistic. We will 
see, however, that there are many situations in which the sound 
- 
will spread out spherically or cylindrically over large portions I 
TRANSMISSION LOSS FROM DISSIPATION 
There are a variety of other physical effects termed dis- -
sipative effects, which reduce the SPL of the sounds in addition 
to the spreading of the rays. Since the spreading of rays is 
described by TL we will call the portion of the transmission 
g ' 
loss which results from these other effects 
TLL = Transmission Loss from dissipation. 
There are a number of these which are important in underwater 
sound propagation: 
Absorption. As sound travels through the water, there is a 
conversion of the acoustical energy into thermal energy be- 
cause of effects which are very similar to friction in mov- 
ing machinery and hysteresis losses in transformers. 
Transmission into the bottom: When a sound beam strikes 
the ocean bottom, part of the beam is reflected back upward 
in the water and another part is sent down into the bottom. 
The beam which is reflected back upward in the water con- 
tains less energy than the beam which traveled down to the 
bottom. 
Scattering. The presence of rough boundaries at the ocean 
surface and bottom can lead to a scattering of the sound 
out of the reflected beam. The presence of bubbles and 
other impurities in the water itself can also scatter 
sound energy out of the path of the ray. 
Leakage. In certain kinds of sound propagation in the 
ocean, as in the surface layer, the rays of sound can "leak" 
out the bottom of the layer each time they bend down to 
graze it. This "leakage" results in a loss of energy from 
the layer. 
DISSIPATIVE LOSS MECHANISMS 
ABSORPTION IN SEA 
10 Hz 100 Hz 1 H z  10 kHz 100 kHz 
F R E Q U E N C Y  
2 2 
Volume S c a t t e k i n g  
Tkanamiai ion i n t o  Bottam w i t h  S c a t t e k i n g  
Leaky Duct wiXh S c a t t e ~ i n g  
TRANSMISSION LOSS 
In general the total transmission loss TL can be composed of 
two terms, 
where TL = transmission loss from geometrical spreading 
g 
T L ~  = transmission loss from dissipation 
Range (m) 
SPEED OF SOUND, TEMPERATURE, AND DEPTH 
Speed of sound c (2) 
These curves show how t h e  speed of sound i s  r e l a t e d  t o  depth and 
temperature. The e f f e c t  of s a l i n i t y  i s  n o t  included, so  t h e s e  
curves a r e  appropr ia te  only f o r  water of cons tan t  s a l i n i t y .  
-SPEED OF SOUND FORMULA 
4.62.7-  -0.055 T' Temperature Correction 
This formula gives c in m/sec. 
Salinity Correction 
S in parts per 
thousand (ppt) 
Depth Correction 
z in meters 
Very accurate formulas for the speed of sound as a func- 
tion of temperature, salinity, and depth are very involved and 
difficult to calculate. The above expression, although not 
highly accurate, is sufficient for many calculations and is 
relatively easy to use. It is accurate to within about a meter 
per secocd for most ocean waters. 
For a discussion of many of the more precise formulas and 
the discrepancies between them, the interested reader is re- 
ferred to V. A. Del Grosso, J. Acoust. Soc, Am. 56, 1084-1091 
(1974). 
TYPICAL SOUND SPEED PROFILE 
. - 
S P E E D  O F  S O U N D  c ( z )  I N M / S E C  
MAIN THERMOCLINE 
L A Y E R  - 
SPEED OF SOUND 
PROFILE VARIATIONS 
DAILY MONTHS 














concave  downwand 
concave  upwand 
SNELL'S LAW 
I ' =2 C3 c ( 2 )  aLong t h e  - = - entitre - 
cos e l  cos e 2  cos e 3  cosLe pa$h od 
t h e  R a y .  
SNELL'S LAW 
C 
EACH RAY HAS I T S  - OWN DOGTAG = cos 8 . 
=, 
- 2,' 
kl, cl, k;, ki may 
all be different 
constants 
T h e  v a l u e  0 6  c/cos 0  i d  a d i 6 6 e ~ e n t  numbctr  OX each c a y .  
1 RAYS IN A CONSTANT GRADIENT (ISOGRADIENT) LAYER 
?Po 
N eg aXiv e  
gnadient  Along any hag 
c(z)/cos c e  ( 2 )  I 
This relates the 
\ *  
angle of elevation \ e(z) of the ray 
\\ to the speed of sound c(z) at whatever depth the ray R i 6  t h e  happens t o  be. t t a d i u  a d  
cuhvatune \ \ 
a d  t h e  hay 
i 6  t h e  g ~ a d i e n t  
1 
The gradient g can be either positive or negative. For a 
speed of sound profile composed of layers within each of which 
the gradient g has constant value, then the segment of the ray 
within each layer is the arc of a circle whose center lies at 
a depth z = -c(o)/g below the depth where the speed of 
sound is c(o) . The radius of the circle is 
/ 
/ The ray always bends toward the region of lower sp&d 02 
sound. 
The gradient is 
Where zl and z2 are any two depths in the isogradient layer 
and c(zl) and c(z2) the associated speeds of sound at these 
depths. 
along t h e  
entire r a y  \ path  
------ 
Line 0 6  centend don 
aLL naqa whiLe t h e y  
nemain ii Rhe idogna- 
d i e n t  Layen. 
The depth  of t h e  l i n e  of c e n t e r s  i s  found by e x t r a p o l a t i n g  
t h e  i sog rad ien t  p r o f i l e  t o  t h e  d e p t h . a t  which c ( z )  = 0, a s  
shown on page 31. 
The g r a d i e n t  i s  
S n e l l ' s  Law g i v e s  
= I  
- = C  
( A t  co, g o  = 0 
and cos  g o  = 1.) 
The r a d i u s  of cu rva tu re  i s  ??, = 
NOTICE THAT TRIGONOMETRY GIVES 
CONSTRUCTION OF RAY PATHS FOR TWO GRADIENTS 
Line  of c e n t e r s  f o r  bottom l a y e r  // 
ACOUSTICAL RECIPROCITY 
I f  t h e  d i r e c t i o n  t h e  sound t r a v e l s  over t h e  propagation 
pa ths  i s  reversed  by exchanging t h e  p o s i t i o n s  of t h e  source  
and r e c e i v e r ,  and t h e  propagation cond i t i ons  remain t h e  s a m e ,  
t hen  t h e  t ransmiss ion  l o s s  between source  and r e c e i v e r  w i l l  
remain t h e  same. 
A s  a consequence, t h e  t ransmiss ion  l o s s  su f f e red  by t h e  
s i g n a l  i n  reaching t h e  t a r g e t  from an a c t i v e  source w i l l  be 
i d e n t i c a l  wi th  t h e  t ransmiss ion  l o s s  experienced by a s i g n a l  
of t h e  same frequency (and du ra t ion )  r a d i a t e d  from t h e  t a r g e t  
I when it reaches  a r e c e i v e r .  
PROPAGATION PATHS FOR SHALL01 
- f - \  
V SOURCE AND RECEIVER 
Mixed Layer. The isothermal  water  a t  t h e  ocean sur -  
f a c e  forms t h e  mixed l a y e r  i n  which sound can be 
t rapped.  , The con t inua l  r e f l e c t i o n  a t  t h e  rough sur -  
f a c e ,  r e f r a c t i o n  a t  t h e  bottom of t h e  l a y e r ,  and 
leakage provide r e l a t i v e l y  l a r g e  energy l o s s e s  s o  
t h a t  t h i s  pa th  i s  u s e f u l  f o r  r e l a t i v e l y  s h o r t  ranges.  
Convergence Zone. When t h e  water  i s  deep enough, t h e  
sound r a y s  which t r a v e l  down p a s t  t h e  SOFAR channel  
a x i s  can be bent  back upward before  they  reach t h e  
bottom. These r a y s ,  when they approach t h e  su r f ace  
aga in ,  t end  t o  be brought t oge the r  so t h a t  t h e  sound 
energy becomes more concent ra ted ,  and t h e  t ransmiss ion  
l o s s  i s  reduced by a s i g n i f i c a n t  amount. Under advan- 
tageous cond i t i ons ,  t h e s e  r ays  w i l l  be refocused i n  
second, t h i r d ,  and higher  convergence zones. 
Bottom Bounce. The r e f l e c t i o n  of sound o f f  t h e  bottom 
and back t o  t h e  su r f ace  provides  a propagation pa th  
f i l l i n g  i n  t h e  ranges  between t h e  g r e a t e s t  u s e f u l  
range of t h e  mixed l a y e r  and t h e  innermost edge of t h e  
convergench zone. Unfor tunate ly ,  t h e  o f t e n  unpredic- 
t a b l e  and u s u a l l y  l a r g e  r e f l e c t i o n  l o s s  t h a t  occurs  
a t  t h e  bottom causes  t h e  t ransmiss ion  l o s s  along t h i s  
pa th  t o  be r a t h e r  l a rge .  
RAYS AND A MIXED LAYER 
Source below t h e  l a y e r :  
Not ice  t h e  shadow zone 
ex tends  t o  t h e  s u r f a c e .  
The lower t h e  s o u r c e ,  t h e  
l a r g e r  t h e  r a n g e  t o  t h e  
shadow zone. k 
LOSS FROM THE MIXED LAYER 
When a  ray r e f l e c t s  from the ocean s u r f a c e ,  some of  t h e  
energy i s  s c a t t e r e d  i n t o  d i f f e r e n t  d i r e c t i o n s  and c a n  p r o p a g a t e  
o u t  of t h e  mixed layer. T h i s  energy i s  t h u s  l o s t  from t h e  
c h a n n e l ,  which i n c r e a s e s  t h e  t r a n s m i s s i o n  l o s s .  ~ d d i t i o n a l l y ,  
* 
energy can d i f f u s e  o u t  of t h e  bottom o f  t h e  l a y e r .  These  e f -  
f e c t s  can  be  d e s c r i b e d  i n  t e r m s  of t h e  "loss p e r  bounce". The 
number o f  bounces i s  t h e  r a n g e  d i v i d e d  by t h e  s k i p  d i s t a n c e  rs. 
M. S c h u l k i n ,  J. Acoust .  Soc. Am. 44, 1152 - 1154 (1968) 
h a s  developed from a v a s t  amount o f  e x p e r i m e n t a l  d a t a  a n  equa- 
t i o n  o v e r  t h e  f requency  r a n g e  2kHz t o  25kHz, 
where 
b = l o s s  p e r  bounce i n  dB 
SS = Sea S t a t e .  
The e q u a t i o n  is  s t a t e d  t o  b e  v a l i d  f o r  3 5 b 1 4  dB/bounce. 
Another  e m p i r i c a l  fo rmula ,  r e s u l t i n g  from t h e  a n a l y s i s  of  
a number o f  exper iments ,  h a s  been o b t a i n e d  by W. F .  Baker ,  J, 
Acoust.  Soc. Am. - 57, 1198 - 1200  (1975) -- 
T h i s  e q u a t i o n  i s  v a l i d  w i t h i n - a  r e s t r i c t e d  r a n g e  of  p a r a m e t e r s ,  
g i v e n  approx imate ly  by 
2 < s s < 5  
3 kHz < f  < 8 kHz 
2 5  m < l a y e r  d e p t h  < 7 0  m 
10 m < source depth < 20  m 
Between 3kHz and 5 k i f z ,  t h e s e  t w o  equation4 Uke i n  dai& 
agfieement, Outs ide  t h i ~  6nequency i n t e h v a l ,  it appeaka ZhaZ 
Schulhin'a doxmula i s  t o  be paedenned. 
The depth of t h e  mixed l a y e r  i s  designated by D. 
The depth of t h e  source i n  t h e  l a y e r  i s  designated by zs. 
The t r a n s i t i o n  range rt i s  t h e  d is tance  t h e  sound beam must t r a v e l  u n t i l  
it e f f e c t i v e l y  f i l l s  t h e  channel. It i s  ca lcula ted  from 
( a l l  dis tances a r e  i n  meters) 
il 
The sk ip  d is tance  rs i s  t h e  d is tance  required f o r  t h e  rays which j u s t  
graze t h e  bottom of t h e  l aye r  t o  complete one f u l l  cycle from t h e  l a y e r  
bottom t o  t h e  surface and back t o  t h e  bottom. It i s  ca lcula ted  from 
= 8 4 0 . p  . ( a l l  dis tances a r e  i n  meters) A 
I f  t h e  l o s s  per bounce is  designated by 2 and t h e  energy l o s s  r e s u l t i n g  
from absorption i s  designated by a, then t h e  transmission l o s s  f o r  t h e  
mixed l aye r  can be estimated by t h e  following formulas : 
f 1 
TL = 20 l o g  r + a r  within t r a n s i t i o n  range 
I TL = 10 Log 3 + 10 l o g  r + a r  + r beyond t r a n s i t i o n  range / L 1 
For-ranges l e s s  than  rt the sound i s  spreading out sphe r i ca l ly  t o  f i l l  t h e  
sound channel. For ranges g rea te r  than r t ,  however, t h e  sound has spread 
f a r  enough v e r t i c a l l y  t o  be r e f l e c t e d  from t h e  surface and bent back upward 
from t h e  bottom of t h e  layer .  Once t h i s  happens, then  t h e  sound i s  t rapped 
and w i l l  spread cy l ind r i ca l ly .  
Noace a3za.t don r > rt, f ie  T L  A neduced b y  having r t  an am& an posaible. 
Fnom the  &mlLea gun rt ,  tkis would occm 6on zS = 0. HOWEVER, id the  
~ O W L C ~  A wi,tkiY1 a 6w uwvden ;tks 0 6  2he awtdace, A ~ W Z ~ E Z % L V Z ~  tre6leoted 
-nta6ae w i t h  t ha t  @mrn the  souwe so thak &om the  awr6ace can 
the  T L  becomes Lah-ga 2han phedicted. 
IN GENERAL, THE TRANSITION RANGE r MUST BE CALCULATED WITH zs BEING THE 
LARGER OF SOURCE AND RECEIVER DEPTAS. 
REPRESENTATIVE PARAMETERS 
Layer Depth Skip Distance Transition Range rtk 
*Assume the receiver i s  at a depth of 10 m. 
SAMPLE CALCULATION OF A TFGdSMISSION LOSS 
Assumptions: 
Depth of the mixed layer = 40 m 
Depth of the source = 20 m (assume a shallow receiver) 
Frequency of the sound = 2 kHz 
Sea state = 3 
We then determine 
Skip distance = 5300 m 
Transition range = 940 m 
Attenuation constant = 0.00015 dB/m 
Loss per bounce = 4.4 dB/bounce (Schulkin) 
The transmission loss formulas are thus: 
(a) For ranges less than the transition range, 
TL = 20 Log r + ( 1 . 5 ~  1od4)r. 
(b) For ranges greater than the transition range, 
TL = 10 Log r + (9.8 x l~-*)r + 30 . 
* 
The numerical values in these formulas are valid only for the 
parameters specified under Assumptions. 
39 
Parameters: 
TRANSMISSION LOSS-CURVE FOR SOURCE 
AND RECEIVER I N  THE MIXED LAYER 
Depth of t h e  mixed l a y e r  = 40  m 
Depth of t h e  source  = 20 m ( r e c e i v e r  i s  shal lower)  
Frequency of t h e  sound = 2 k H z  
Sea s t a t e  = 3 
BUT: Thehe neaula2 can be n a d i c a l l y  changed b y  e66ec.t~ auch 
aa Sundace ln tendenence  (which become4 imponZanX a t  
lowen aea h t a t e n ) ,  4Zeep gnadienZn below t h e  Layen, and 
douhce a ~ d / o n  n u e i v e h  nean t h e  t o p  on bottom 0 6  t h e  
l ayen .  AddiZionaLly, i 6  khe dnequency 0 6  t h e  aound i s  
t o o  low,  it w i l l  no t  be tnapped i n  t h e  mixed l a y e n .  
A s  a erv rou h e s t  % A "he £requency must be qrea te r tZG)  
than about r fc-? .  (2'x l o 5 )  /D where D i s  i n  meters  and t h e  & % 
frequency i s  i n  H z ,  f o r  t h e  sound t o  be wel l  t rapped i n  t h e  G 0%" 
l a y e r  and f o r  t h e  above model t o  apply.  I f  f  < f c  , it i s  
probably b e s t  t o  assume s p h e r i c a l  spreading wi th  absorp t ion .  
t 1 
co = t h e  maximum speed of sound above t h e  SOFAR channel a x i s  
Ac = t h e  d i f f e rence  between co and t h e  speed of sound a t  t h e  elbow 
Z = t h e  v e r t i c a l  d i s t ance  between depths f o r  which c ( z )  = co 
- 
r c ~  = t h e  range t o  t h e  convergence zone 
/ S n e l l ' s  Law revea l s  t h a t  a ray which i s  hor izonta l  i n  t h e  
upper ocean where c ( z )  = co w i l l  a l s o  be hor izonta l  a t  a d i s -  
tance  - Z deeper, and a ray  which i s  d i rec ted  downward where 
c ( z )  = co must penet ra te  below t h e  d i s t ance  5 .  To insure  t h a t  
enough rays  a r e  returned t o  t h e  sur face  t o  focus a t  t h e  conver- 
gence zone, t h e  t o t a l  depth of water must exceed Z o r  Z +  D by 
- - 
an amount c a l l e d  t h e  depth excess,  d. 
I f  t h e r e  i s  no mix-ed - l a y e r ,  then co i s  associa ted  with 
t h e  surface and Z is measured from t h e  s ~ r f a c e .  I f  t h e r e  is  a 
mixed l aye r ,  then co is associa ted  with t h e  bottom of t h e  l aye r  
and Z i s  measured from t h e  bottom of t h e  layer .  
CONVERGENCE ZONE RANGE AND TRANSMISSION LOSS 
A rough e s t ima te  of t h e  range a t  which a convergence zone 
forms i s  given by 
I 1 
I I 
I f  t h e r e  i s  no mixed  l a y e r ,  
Layer e f f e c t  = 0 
I f  t h e r e  i s  a  mixed l a y e r ,  
~ a y e r  effect ,-- 0 i f  source  and r e c e i v e r  a r e  both nea r  
t h e  bottom of t h e  l a y e r  
z trs i f  one i s  near  t h e  t op  and o t h e r  near  
t h e  bottom of t h e  l a y e r  
= r i f  both a r e  near  t h e  t o p  of t h e  l a y e r .  
S 
The accuracy of t h e  above express ion depends on how w e l l  t h e  
constant-gradient  approximations f i t  t h e  t r u e  c ( z )  p r o f i l e .  A s  
might be expected,  when t h e  elbow of t h e  curve i s  very  sharp,  
and t h e  g r a d i e n t s  above and below t h e  elbow a r e  r e l a t i v e l y  con- 
s t a n t ,  then t h e  p r e d i c t i o n  w i l l  be r a t h e r  good. The w i d t h  o f  
t h e  convergence  zone ,  o v e r  wh i ch  t h e  r a y s  a r e  a p p r e c i a b l y  f o -  
c u s e d ,  is n o r m a l t y  a b o u t  20 per  c e n t  o f  t h e  range  t o  t h e  zone ,  
and rCZ e s t i m a t e s  t h e  d i s t a n c e  t o  t h e  o u t e r  edge  o f  t h e  zon e .  
Since t h e  r a y s  begin t o  spread o u t  s p h e r i c a l l y  as  they  
l eave  t h e  source  and a r e  a t t e n u a t e d  only  by t h e  abso rp t ive  
l o s s e s  i n  t h e  ocean, t h e  t ransmiss ion  l o s s  f o r  convergence 
zone pa ths  can be w r i t t e n  i n  t h e  form 
where G i s  t h e  convergence zone ga in .  Typical  va lues  of G 
range between about 5 and 15  dB when a convergence zone i s  
found. 
TL = 20 Log rCZ + a r  - G cz 
! v a l i d  i n  t h e  conveh- 
gence zone hange,  
and n0.t elhewhehe 
TYPICAL CONVERGENCE ZONE RANGES 
1 f t m  = 1 f a t h o m  = 6  f e e t  
N o r t h  P a c i f i c  
A r e a  I S u r f a c e  Minimum depth f o r  Range  t o  r l r s t  T e m p e r a t u r e  CZ o p e r a t i o n  CZ 
Range  t o  f i r s t  CZ 
47  kyd = 4 3  km 
5 2  48  
5 6  5 1  
60  5 5  
64 59 
66  60  
6 9  6 3  
S u r f a c e  T e m p e r a t u r e *  
5 o 0 F  = l o ° C  
5  5  1 3  . 
60  1 6  
6 5  1 8  
70  2 1  
75  2 4  
80  2 7 
* Assumes  m i x e d  l a y e r  a b s e n t  
+ A l l o w s  f o r  a 200 f t m  d e p t h  excess 
R e f .  C o n v e r q e n c e  Zone Ranqe  S l i d e  R u l e ,  Naval Underwater S y s t e m s  
C e n t e r .  
Minimum d e p t h  o f  
CZ o p e r a t i o n +  
1 2 7 0  f t m  = 2320 m 
1 6 1 0  2940 
1 9 0 0  3480  
2150 3930  
2400  4400  
2600 4760  
2800 5130  
   f i t  
N.  P a c i f i c  5 0 O ~  = ~ O O C  1 2 7 0  f tm 47 k y d  
N .  A t l a n t i c  50 1 0  1 0 5 0  46 
N o r w e g i a n  S e a  
M e d i t e r r a n e a n  
50 1 0  
67 1 9  
1 6 8 0  
8 0 0  
5 3  
33  
- 
For angles of d'epression greater than about 15" it is 
often possible to assume straight-line propagation of the rays 
true path 
- - - approximate path 
straight-line ray bouncing off the bottom will return to the I A surface at a range 
r = 2 H/tan 8 
where 8 is the angle of depression. 
Since the distance travelled by the ray is r/(cos 8), and 
since the rays spread out spherically and are attenuated only 
by the absorptive losses of the ocean and the reflection at the 
bottom, an approximate transmission loss can be written as 
r TL = 20109- + - cos 8 ar + BL cos 8 
where BL is the bottom loss in dB/bounce. 
T h i s  donmula can be t x u s t e d  as long as t h e  ang le  e b  wiZh 
which *he nay  o t x i b e s  t h e  bot tom i s  n o t  much d i d d e x e n t  d h 0 m  t h e  
i n i - t i a l  ang le  0 6  d e p n e s ~ i o n  8 .  16 e b  - i s  s i g n i d i c a n t l y  d i66enen t  
&*om e ,  on goes t o  z e r o ,  t h e n  t h e  xay path muht be c a l c u l a t e d  
mane a c c u n a t e l y  by t a k i n g  $he cunvatuxe 0 6  t h e  nay i n t o  accoun-t. 
BOTTOM LOSS 
t+--r 
Depends on frequency and depression angle 
C 
1 8 kHz 
B b  = Angle of Depression (Bottom) 
Depends on bottom composition 
Example: At 2 4  kHz and 10" depression angle 
Mud 16 dB/bounce 
Mud-sand 10 
S and-mud 6 
Sand 4  
Stony 4 
Depends on surface roughness 
Bottom loss goes up as ratio of roughness-to-wavelength 
increases. 
Ref. 
R.J.Urick, Principles of Underwater Sound for Engineers, 
McGraw Hill (1975). 
Represen ta t ive  Transmission 
Losses over va r ious  propaga- 
t i o n  pa ths  between source  
and r e c e i v e r  i n  t h e  mixed 
l a y e r ,  wi th  frequency i n  
t h e  low kHz reg ion .  
\Spherical spreading 
\ a lone  
\ 
Spher ica l  spreading \ p lus  absorp t ion  
Range (km) 
( a )  Mixed Layer 
(b) Convergence Zone - 
(c) Bottom Bounce 
ILIABLE ACOUSTICAL PATH FOR DEEP SOURCE OR RECEIVER 
Rel iab le  Acous t ica l  Pa th  (RAP).  
I f  t h e  t a r g e t  i s  shallow and t h e  sensor  deep, o r  v i c e  ve r sa ,  
t h e r e  e x i s t s  t h e  p o s s i b i l i t y  of a  guaranteed a c o u s t i c a l  pa th  be- 
tween t h e  two. This  pa th  i s  u s e f u l  t o  ranges  beyond those  at- 
t a i n a b l e  by t ransmiss ion  i n  t h e  mixed l a y e r .  A s  t h e  deeper of 
t h e  two ( sensor  o r  t a r g e t )  i s  lowered f a r t h e r  and f a r t h e r  below 
t h e  l a y e r ,  t h e  shadow zone ind ica t ed  i n  t h e  diagram moves o u t  
t o  l a r g e r  ranges.  I f  t h e r e  i s  no mixed l a y e r ,  t hen  t h e  lead jng  
edge of t h e  shadow zone i s  formed by t h e  downward-bending r a y  
which j u s t  g r azes  t h e  su r f ace .  
For p o s i t i o n s  of source  and r e c e i v e r  such t h a t  t h e r e  i s  d i -  
r e c t  e n s o n i f i c a t i o n ,  t h e  r a y s  can be considered t o  t r a v e l  ap- 
proximately i n  s t r a i g h t  l i n e s  between t h e  t a r g e t  and sensor .  
For t h i s  kind of propagat ion,  t h e  r a y s  spread o u t  s p h e r i c a l l y  
and t h e  only  l o s s e s  a r e  t h o s e  from t h e  absorp t ion  of sound i n  
sea water.  An approximate t ransmiss ion  l o s s  formula is  then  
r ar 
20 cos  0 + - invalid i~ t h e  shadow zoae cos  0 
where 8 i s  t h e  angle  of e l e v a t i o n  of t h e  r a y s  between t a r g e t  and 
sensor  and r i n  t h e  ( h o r i z o n t a l )  range. 
I f  t h e  nega t ive  g r a d i e n t  (below t h e  l a y e r ,  i f  one e x i s t s )  
has magnitude g ,  then  t h e  range t o  t h e  shadow zone a t  t h e  su r f ace  
i s  es t imated by 
where ( z  - D) i s  t h e  depth below t h e  bottom of t h e  l a y e r .  I f  
t h e r e  i s  no l a y e r ,  then  D = 0 and t h e r e  i s  no s k i p  d i s t a n c e ,  so  
rS = 0 .  
THE SOFAR CHANNEL 
J u s t  a s  f o r  
l e s s  s p h e r i c a l l y  
t h e  mixed l a y e r ,  t h e  sound spreads  o u t  more o r  
u n t i l  t h e  r a y s  a r e  ben t  back i n t o  t h e  channel .  
a f te r  which t h e  sound spreads- c y l i n d r i c a l l y .  Thus, beyond some 
t r a n s i t i o n  range r tg w e  should have a spreading term which goes 
as 10 l o g  r. Those r a y s  whose a n g l e s  of i n c l i n a t i o n  wi th  r e -  
s p e c t  t o  t h e  SOFAR channel  a x i s  a r e  l a r g e  enough t h a t  they  re- 
f l e c t  from t h e  ocean s u r f a c e  o r  bottom w i l l  s u f f e r  r e f l e c t i o n  
l o s s e s  and s c a t t e r i n g  l o s s e s  and e v e n t u a l l y  be s o  weak compared 
t o  t h e  t r apped  r a y s  t h a t  t h e y  can be neg lec ted .  Thus, f o r  pro- 
paga t ion  i n  t h e  channel ,  t h e r e  a r e  no l o s s e s  except  abso rp t ion ,  
s o  t h a t  t h e  t ransmiss ion  l o s s  has t h e  simple form 
TL = 1 0  l o g  r + 10 log r t '  + a r  f o r  ranges  beyond r t ' .  
The t r a n s i t i o n  range depends on how deep t h e  sound source  i s  i n  
t h e  channel  and t h e  v e r t i c a l  e x t e n t  of t h e  channel .  For sources  
placed reasonably f a r  down i n  t h e  channel ,  t h e  t r a n s i t i o n  range 
i s  less than  t h e  convergence zone range r ~ z .  Not ice  t h a t  t h e  
r a y s  c y c l e  up and down i n  t h e  channel ,  accomplishing one c y c l e  
over an i n t e r v a l  ve ry  s i m i l a r  t o  t h e  convergence zone range,  
/ A i s  determined f o r  A d  source  and r e c e i v e r ;  
t 2 tnu. em,, 
The above t h a n ~ m i ~ d i o n  t u b a  
modehate ttanged b e c a u ~ e  0 6  t h e  a p o t ~ y  e n ~ o n i b i c a t i o n  a,$ t h e  
channel .  Beyond aevena l  convettgence zones t h e  a c o u s t i c  enezgy  
tenda t o  be motce u n i ~ o n m t y  d id th ibuXed oveh t h e  v e t t i c a l  . ex te j z t  
b 5 e  channel  and t h e  above 6ohmula mote Xhus tacx thq .  Howevet, 
t h e  dahtheh t h e  a o u t c e  and ~ e c e i v e h  ahe above o h  belaw t h e  chan- 
n e l  a x i d ,  t h e  l a h g e x  ,the t h a n ~ i t i o n  t a n g e  becomes and t k s  g ) t ea te t  
t h e  d i a t a n c e  t h a t  i d  t e q u i a e d  6 o t  t h e  enetgg  t o  became d i i t h i b u -  
Xed moRe ok t e d b  u n i ~ o h m t y .  
TIME STRETCHING IN THE SOFAR CHANNEL 
An i n t e r e s t i n g  f a c t  often observed i n  t h e  SOFAB channel i s  t h a t  
t r a n s i e n t  s i g n a l s  a r e  "s t re tched"  i n  t ime a s  t hey  propagate t o  l a r g e  rm- 
ges. This a r i s e s  because of t h e  v a r i a t i o n  i n  t h e  speed of sound over t h e  
v e r t i c a l  ex t en t  of t h e  channel. For t h e  SOFAR channels commonly encoun- 
t e r e d  i n  t h e  nor thern  hemisphere, t h e  speed of sound inc reases  s u f f i c i e n t -  
l y  r a p i d l y  with d i s t a n c e  above or  below t h e  channel a x i s  t h a t  sound tra- 
v e l i n g  over t hose  r ays  which swing over l a r g e  v e r t i c a l  d i s t ances ,  l i k e  5 
and b i n  t h e  above ske tch ,  reaches t h e  r ece ive r  a t  t imes e a r l i e r  than sound 
t r a v e l i n g  over t h e  more d i r e c t  pa ths  2, and d. Thus, t h e  sound t h a t  
t r a v e l s  s t r a i g h t  down t h e  axis of t h e  channel a r r i v e s  a t  t h e  r ece ive r  l a s t .  
This l eads  t o  t h e  c h a r a c t e r i s t i c  blossoming of t h e  rece ived  s i g n a l  from an 
explos ive  charge, t h e  sound f i r s t  being very weak, and then  growing i n  voi- 
m e  u n t i l  t h e r e  i s  a sudden cu tof f  of sound z s  t h e  l a s t  s i g n a l s  come over 
t h e  slowest pa ths .  
The exact  d e t a i l s  of t h e s e  e f f e c t s  depend g r e a t l y  on t h e  cha rac t e r  of 
t h e  speed of sound p r o f i l e :  If t h e  sound speed does not  i nc rease  s u f f i -  
c i e n t l y  r a p i d l y  above and below t h e  a x i s ,  f o r  example, t h e  t i n e  s t r e t c h i n g  
may not occur ,  o r  may even be reversed ,  wi th  t h e  sound t r a v e l i n g  s t r a i g h t  
down t h e  a x i s  a r r i v i n g  f i r s t .  Addi t iona l ly ,  t h e  exact  l o c a t i o n  of t h e  
source and r ece ive r  wi th  r e spec t  t o  t h e  channel a x i s  i s  very important wit5 
r e spec t  t o  t h e  envelope of t h e  received s i g n a l  and t h e  amount of t ime 
s t r e t c h i n g  encountered. For t h e  t y p i c a l  p r o f i l e s  i n  t h e  northern hemisphere, 
t h e  increased  du ra t ion  A t  of t h e  received s i g n a l  over t h a t  s e n t  can be e s t i -  
mated by 
i f  source and r ece ive r  a r e  on t h e  channel a x i s ,  and l e s s  i f  they  are not .  
The quan t i t y  t i s  t h e  total .  t ime of f l i g h t  between source and r ece ive r  ;in($ 
Ac i s  t h e  maximum v a r i a t i o n  i n  t h e  speed of sound between t h e  upper and 
l o w e r  b ~ ~ u n d a r i e s  of  t h e  channel i nd ica t ed  i n  t h e  previous page. l ' y p i ? a l l y ,  
t h i s  leads t o  about 9 seccnds of s t r e t c h i n g  f o r  each 1000 n a u t i c a l  miles 
t h e  s igna l  has t r a v e l l e d .  
SUMMARY OF TRANSMISSION LOSS EXAMPLES 
For both source and receiver in the mixed layer, and at 
ranges greater than the transition range, the transmission lcss 
can be estimated by 
For a convergence zone detection, we can write 
TL = 20 log rCZ + ar cz - G .  
If the propagation path is bottom bounce, and the angle of 
depression of the sound beam in that mode is sufficiently large, 
then the simple geometrical model gives 
r TL = 20 log cos ar + - +  
cos 8 BL . 
For propagation between a deep point and a shallow point 
over the reliable acoustical path, an approximate transmission 
loss formula is 
r TL = 20 Bog - ar 
cos 8 + cos 8 ' 
Finally, for the propagation of sound trapped in the SOFAR 
channel, if the range is greater than a few convergence zone 
separations, the transmission loss can be estimated by 
TL = 10 log r + 10 log rt' + ar . 
- -- 
REMEMBER THAT rt IS CALCULATED FROM THE GREATER OF SOURCE AND 
RECEIVER DEPTHS. 
. 




h = Source Depth 
d = Receiver Depth 
r = H o r i z o n t a l  Range 
INTERFERENCE NULLS I N  ISOVELOCITY WATER 
The fol lowing f i g u r e s  i l l u s t r a t e  t h e  geometry, showing ex- 
p l i c i t l y  t h e  pa th  l eng th  d i f f e r e n c e  A between d i r e c t  and r e -  
f l e c t e d  rays .  
1- 
When A = n l  t h e  s i g n a l s  cance l  each o t h e r  forming a  NULL. 
When A = (n  + $ ) A  t h e  s i g n a l s  r e i n f o r c e  each o t h e r .  
F o r r  h  and d  much smal le r  than r ,  geometry g i v e s  
Thus NULLS f o r  t h e  frequency f  occur when t h e  h o r i z o n t a l  
range has t h e  va lues  
I NULLS I 
IMPORTANCE OF SURFACE SMOOTHNESS 
The r a y s  w i l l  i n t e r f e r e  and g i v e  a s t rong  p a t t e r n  i f  t h e  
, s u r f a c e  i s  smooth and t h e  frequency of  t h e  sound is  low. 
Usual ly ,  f must be below about  1 kHz. I f  t h e  s u r f a c e  i s  
rough, t hen  t h e  r e f l e c t e d  r a y  i s  s c a t t e r e d  i n t o  many d i r e c -  
t i o n s  and i n t e r f e r e n c e  is weak. 
SURFACE INTERFERENCE I N  AN ISOGMDIENT PROFILE 
The bending of t h e  r a y s  can change t h e  s u r f a c e  i n t e r f e r -  
ence p a t t e r n .  For example, i n  a nega t ive-grad ien t  l a y e r  t h e  
fol lowing r a y  pa ths  may be observed: 
Because t h e  d i r e c t  r a y  curves  toward t h e  r e f l e c t e d  r a y ,  
t h e  pa th  d i f f e r e n c e  i s  smal le r  than  it would be i f  t h e  r a y s  
were s t r a i g h t  l i n e s .  The d e s t r u c t i v e  i n t e r f e r e n c e  w i l l  t hen  
occur a t  s l i g h t l y  l a r g e r  ranges ,  a s  seen below. 
- 
range (km) 
Real sound speed p r o f i l e s  w i l l  a f f e c t  t h e  
su r f ace  i n t e r f e r e n c e  e f f e c t  c h i e f l y  a t  
l a r g e r  d i s t ances .  (Notice t h e  shadow zone 
pred ic ted  a t  8 km.) 
A USE OF SURFACE INTERFERENCE 
As w i l l  be developed i n  more d e t a i l  l a t e r ,  the noise radiated by 
underwater vehicles consi s ts  o f  two contr ibut ions:  broadband noi  se (s imi  - 
l a r  t o  the hissing found between FM rad io  s ta t ions)  and tonal s  (s ing le  
frequency tones, l i k e  whist les). Thus, the nadictted node  conb.in& 06  
~nequencies between ~ e , % t d n  bnoad einrits IcLikh cehCain hpeci4.i~ yequenoien 
occwhing cuith kigh Xenaaity. Each o f  these frequencies, whether o f  
broadband noise or a ronal,  has i t s  own inter ference pattern. 
Because eacn frequency has i t s  own per iod and wavelength. each w i l l  
nave a  d i f f e r e n t  pnase-delay *or propagation over the d i r e c t  and surface- 
reelected paths. As a  resu l t ,  the ranges between source and receiver f o r  
which the surface-ref lected signal tends t o  cancel the d i r e c t  signal w i l l  
be d i f f e r e n t  f o r  each d i f f e ren t  frequency. T h u ,  the hungen at wkich d;l- 
Senent dnequencies u~4.U *avr n& at *he /receiven uliee be ditj(enent. 
This means tha t  as the  range between source and receiver changes, the f r e -  
quencies which have nulls a t  the receiver w i l l  a lso change. 
It is possible to use this information to determine the depth h of 
the source and distance of closest approach Ro of the source to the re- 
ceiver. Let the source be travelling with speed v in a straight line: 
The range is given by 
2 a f 12=  R,' + N  t 
TOP VIEW 
I where at t = 0 we have r = Ro , the distance of closest approach. 
r >> h and d 
n = 7 , 2 , 3  ,.... 
Combination of the above two equations to eliminate r gives the 
frequencies for which the signal is nulled in terms of the time, 
A plot of t vs f results in a family of hyperbolas, one for each value 
of n: 
Nzen this i s  displayed as in a LOFAR gram, the nulled frequencies 
aopear as white curves (unburnt by the e l ec t r i c  sparker that  marks the 
paper) against the darkened regions which have been burnt by the sparker 
These darkened regions correspond to  sound of suff ic ient  strength re- 
ceived from the source to  activate the sparker. Any dis t inct  .tonat llliee 
6how Xhe e66ec*6 06 Vopplen bh.L@, being @hen .in ~nequency when -the 
bounce A apppoachkg .the neceivm, m d  chopping -to a towm yequencq 
ad&% Xhe bounce fmb p a m ~ d  f ie  heceivm and A neceding (nos a. The 
resul tant  display is shown below: 
The mottled background corresponds to the broadband w i s e  emitted 
by the source. Two tonals are  shown, one lying below frequency F , 
another lying between F and F . Notice the sh i f t s  in frequency between 
very early times and l a t e r  timas af te r  the source has passed the recei- 
ver. The white hyperbolas are described by the frequency F, which i s  
nulled a t  the distance of closest  approach. By inspection of the dis- 
play, i t  i s  possible to  identify the value of n that i s  to be associated 
w i t h  each hyperbola, and the slope of each asymptote of the hyperbolas 
can be direct ly  measured. 
A6 w i l l  be di6cu66ed i n  mahe d e t a i l  l a t e n ,  t h e  Doppleh 
6hih.t od t h e  Zonal6 can be used t o  detekmine *he speed v 
w i t h  which Xhe t h e  equa t ion  
wheae bf i 6  t h e  t o t a l  change 06  @equency od a t o n a l  whobe 
anequency a t  t h e  t i m e  ad cLose6t  appnaach i s  f .  
The remaining parameters can be found i n  t h e  fol lowing s t eps :  
1. T h e  depth  d of t h e  r e c e i v e r  i s  known, and f o r  each of 
t h e  hyperbolas,  t h e  va lues  of 
n Fn s lope  (n)  
a s soc i a t ed  wi th  it can be determined from t h e  d i sp l ay .  
2 .  Now, every th ing  i n  t h e  prev ious ly-s ta ted  formula f o r  
s l o p e  (n )  
i s  known except  h, so  t h i s  equat ion y i e l d s  t h e  va lue  
of h: 
1 b 
3 .  F i n a l l y ,  everything i n  t h e  formula f o r  t h e  i n t e r c e p t  
frequency Fn I 
except t h e  d i s t a n c e  of c l o s e s t  approach Ro i s  known, 
s o  t h i s  equat ion y i e l d s  R-: 
Thus,  a t  l o w  dhequencieh 604 which t h e k e  i 6  an abnenvable 
suhdace in.tehdehence e d d e c t ,  t h e  dep th  h, apeed v, and d i b -  
Zance 0 6  cLose6t  appmach R~ 0 6  a d 0 ~ h C e  t o  a h e c e i v e n  0 6  known 
depth  d can a l l  be detehmined daom t h e  obaeaved Doppeeh a h i d t  
0 6  t h e  t o n a l s  and t h e  t ime-dependence 0 6  t h e  dhequeneiea 
which ane n a l l e d  a t  t h e  h e c e i v e x .  
A mohe exact appoach t o  t h e  popaguLlon 06 sound .02 M e  ocean 
Nomd Mode Theony. 16 t h e  inathematic& dib~icuRtiiea 06 kkin appoach 
can be ovetrwme, .i;t y i d  b e t t e h  values i n  c&din nLtLcatio~ don khe. 
T ta~min4ion Loha .than can be obXdiMed uning Ray Theony. 
Normal Mode Theory yields a sum of individual solutions to the acous- 
t ical  wave equation, each called a normal mode, which must be combined to 
obtain a complete expression fo r  the sound f ie ld:  
FOR LARGE DISTANCES r FROM THE SOURCE O f  SOUNV --- 
Each one of these normal modes has i t s  own behavior, 
These special factors Z, are call  ed normal i zed  eigenfunctions. They 
are  found by solving the wave equation and specifying the behavior of the 
pressure a t  the ocean surface and bottom. The solution for  each Zn also 
gives a required value for  cn. Both the depth dependence of Zn and the 
value of c,, depend on the frequency of the sound waves. 
Tkis k n d  04 a solu;tian can be ob*ained whenevm the  spaed 06 hound 
po62e  c(z)  iahaped ao  f i a t  f ie sound can be happed in a cchannd. 
The akzppinq 06 bound .in Xhe mixed h y a  one e ~ c h  example, and .the pno- 
pagdon  06 sound t o  long m g e a  i n  t he  SOFAR channel A ano.thetr. 
I f  the depth of the source i s  #o, and the radiated wave has effective 
pressure amplitude P(1) a t  1 meter from the center of the source, then 
(complicated) mathematical analysis beyond the scope of th i s  course shows that  
NORMAL MODES FOR A CHI! 
The above s k e t c h e s  r e p r e s e n t  t h e  normal ized  d e p t h  e igen-  
f u n c t i o n s  of t h e  f i r s t  t h r e e  and s i x t h  normal modes f o r  sound 
t r a p p e d  i n  t h e  SOFAR channe l .  These s k e t c h e s  show t h a t  t h e  
g r e a t e s t  p a r t  o f  t h e  p r e s s u r e  f i e l d  i s  found i n  t h e  c h a n n e l ,  
b u t  t h e  long  " ta i ls"  which e x t e n d  t o  d e p t h s  below t h e  bottom 
Z of t h e  channe l  show t h a t  t h e r e  i s  sound e n s o n i f i c a t i o n  a t  
-
d e p t h s  g r e a t e r  t h a n  t h o s e  p r e d i c t e d  by r a y  p a t h s .  
CUTOFF FREQUENCY AND LOSSES 
If the frequency o f  the sound i s  slowly increased w i t h  time, the 
above sketches show how a normal mode can be excited. Just  above cutoff, 
the normal mode has a very long t a i l  which goes t o  great depths beyond 
the edges o f  the channel. As the frequency increases f u r t he r  above cut-  
off, the t a i l  gets  shorter  and shorter, u n t i l  a t  frequencies wel l  above 
fn there i s  very l i t t l e  sound ex i s t i ng  outside the channel. 
Tkin means t h a t  $an a opecidic 6xequwcy f, aowzd can be h p p e d  
and aevtt t o  h g e  &ibmce6 o n t  i n  thohe  natrmae m o d u  whooe a.& 66 &- 
q u e n c h  fn m e  . h a  than .t d e xequencq ad nhe bound. Thooe w I m e  CUZ- 
066 &wquenciu exceed the dnequency 0 6  f ie  hound cannot be excited at 
- aee. 
The la rger  the t a i l  extending out  o f  the channel, the more energy 
can be l o s t  from the sound i n  the channel. This means t ha t  higher modes 
(those w i th  higher cu to f f  frequencies) w i l l  attenuate fas te r  and be less 
s i gn i f i can t  a t  great distances. This e f f e c t  i s  sometimes ca l led  mode 
s t r i  ppinq. 
These energy losses f o r  each mode can be handled by speci fy ing an 
absorption c o e f f i c i e n t  a, f o r  each normal mode. Then, we have 
1 
where an increases w i t h  increasing n. The magnitude [P, 1 of  P, = i 1 i s  the 
e f f ec t i ve  pressure amplitude of p,. 
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If COHERENCE, then the phases of the individual pn must 
be considered when the total pressure is calculated. This re- 
sults in the following form for the Transmission Loss: 
If INCOHERENCE, then the intensities of the individual 
modes will add, giving a Transmission Loss 
Each t y p e  od combination io davoned by iXo own opecia1 











The d i f f e r e n c e s  i n  e f f e c t  between COHERENT and INCOHERENT 
combination of t h e  normal modes a r e  i l l u s t r a t e d  below i n  t y p i -  1 c a l  t ransmiss ion  l o s s  curves .  
COHERENT summing may cause  s i g n i f i c a n t  peaks t o  appear i n  
t h e  t r a n s m i t t e d  i n t e n s i t y  a t  c e r t a i n  ranges .  such c o n s t r u c t i v e  
phase d i f f e r e n c e s  may cause  d e s t r u c t i v e  i n t e r f e r e n c e ,  l ead ing  
t o  d i p s  i n  t h e  i n t e n s i t y  curve  (and i n  t h e  TL a t  t hose  r a n g e s ) .  
- 
INCOHERENCE between t h e  normal,modes, on t h e  o t h e r  hand. 
m a v  r e s u l t  from t h e  presence of rough boundar ies  o r  inhomoqe- 
4 
n e i t i e s  w i th in  t h e  water  l a y e r .  Incoheren t  summing w i l l  no t  
produce such d e t a i l e d  s t r u c t u r e  i n  t h e  TL curve.  The l a t t e r  
w i l l  merely f a l l  o f f  w i t h  range i n  a r e l a t i v e l y  smooth manner. 
Notice t h a t  t h e  convergence zone ga in  i s  a r e s u l t  of con- 
s t r u c t i v e  i n t e r f e r e n c e  and t h a t  t h e  CZ g a i n  i s  ignored when it 
is  assumed t h a t  t h e  p r e s s u r e s  f o r  each normal mode combine 
randomly. 
RAYS, NORMAL MODES AND REALITY 
Normal Mode Theory is a complicated mathematica 
not l end itself to simple intuitive interpretation. 
theory which avoids certain approximations inherent 
useful in describing situations for which ray theory 
one such situation is illustrated below. 
1 formal ism which does 
However, it is an exact 
in ray theory. It is 
fails. An example of 
The source is in the mixed layer and the receiver i s  below the layer. 
Ray theory predicts a shadow zone at large enough ranges. While there can 
be some scattering from the ocean surface into the shadow zone, this will 
be small for low frequencies and low sea states. The surface interference 
pattern at short ranges shows that the sea was quite smooth (the observed 
sea state  was about 1 or 2). 
- Ray Theory f = 530 Hz 
- - - Normal Mode Theory D = 300 f t  
.?>dh Experimental Data fc = 200 Hz 
Receiver depth = 400 ft 
Range i n  ki loyards 
~ o t i c e  *bet t h e  expemhentne data dhow digigni6icant e u o n i ~ i c a t i o b ~  i a  
the ~hadotu zone,  Tk id  cannot be  accounted d o t  b y  .'ray t h e m y ,  and tlw 
acat t&ng 06  bound @om .the sadace d n o t  s.Du)ng e m u g h  t o  accowzt ,@T 
.it. N O W  EIode T h e o ~ y  doe%, howevetl, ducceed i l l  prledict ing the evt~or~c-  
,$ication 06 ale dzudow zorzed. 
Reference: Pederson and Gordon, Jour. Acoust. Soc. Am. 37, 105 (1965) .  
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COMBINING SIGNALS 
Now, let us no longer restrict ourselves to tonals (monofrequency 
signals). Because real sounds frequently consist of many simultaneous 
frequencies, we have to find out how signals of different frequencies 
combine. Consider the combination 1 of a large number of monofrequency 
signals: 
composite signal , we have 
IT 
= I1 + I2 + . . . .  = 
i =l 
where I1 is the intensity of signal 1, Ip that of signal 2, and so on. 
e For the complicated signals encountered in real 1 ife, which have large 
variations from moment to moment in their amplitude and shape, the frequen- 
cies of the individual components which combine to form them are extremely 
closely spaced. Indeed, it is often more convenient to talk about the in- 
tensity contained within a specific frequency band which is infinitesimally 
wide. If h I  is the total intensity of all the components lying within the 
incremental bandwidth AW, then the average intensity density over the in- 
cremental bandwidth AW is 
4 a1 
f =- *  
A M -  
* Notice that the intensity density has the units of intensity/Hz. 
Complicated signals, therefore, can be described in terms of the intensity 
density in each incremental interval of frequency over the entire range of 
frequencies present. 
sy  ~ a n a 1  wnzqsads axnssaxd ayq a ~ y q ~  
sy   ana ax umxqsads dqysuaqur aya 
*sTaaaT 30 suuaq uy paqyzssap X ~ p u o y q u a a u o s  axe  s ~ e u b y s  
-xaquy zH 1 qsea u y  punoj aq oq Xqysuaquy aqq '3 saay6 qdexB 
aqq uaqq l a p y  ZH 1 aq oq uasoqs axe  ?MV aqq jo  T T e  31 
s a  Xqysuap Xqysuaquy 30 qdexd aqq zapun eaxe  aqq sy  qsyqM 
I 
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AVERAGED INTENSITY SPECTRUM AND AVERAGED PSL 
Very often, the intensity spectrum level or the pressure spectrum 
level is not measured with a 1 Hz filter, but is calculated from measure- 
ments made with a fi1 ter of larger bandwidth. 
The overall intensity in any arbitrary bandwidth w is the area under 




c n  
W 
Frequency 
This gives the total intensity Iw found within this bandwidth, and does 
not say how c is distributed within w. We can, therefore, define the 
averaqed intensity spectrum ; as ; = Iw/w. A plot of ; vs frequency, 
while lacking the detail of the true curve, i s  sufficient to calculate 
the total energy present over bandwidths comparable to or larger than the 
bandwidths selected to obtain c .  
Ana.togol~6Ly, whaA: iA  o@en pmmmted as a p w m e  dpe&wn &vet 
A i n  & M y  a amookhed cwrve, t h e  nenrcet ad p&&Xng da;ta obAained &h 
&dYm having b a n M h n  appeciabtg L m g e  Zhan 7 Hz : 
m h  o u t  d W .  The spikes in the true spectrum level in the above ex- 
ample are lost to view because the bandwidth over which the averaged 
levels are taken is so wide that the intensity of the spike is small com- 
pared to the intensity of the background in each bandwidth. 
DISPLAYING PRESSURE SPECTRUM LEVELS 
The first graph presents the true 
spectrum level. The remaining three 
graphs represent three different ways 
of displaying the PSI, calculated 
from a single set of data obtained 
with a filter of bandwidth w. * 
Graph 2 presents the averaged 
True PSL spectrum level as a bar graph. Graphs 3 and 4 connect the data 
with either straight-line seg- 
ments or a smooth curve. 
Notice that Graph 4 gives n r  
Frequency information relating to the bandwidth of the filter used 
to obtain the averaged spectrum 
levels; this would have to be 
indicated separately, and is seldom 
done. Graph 3 is somewhat better, 
I but the use of the straight-line I 1 segments seduces the eye into as- 
suming that the true spectrum 
C I level closely follows the 
4 
m Best Display of straight-line segments. Graph 
PC Averaged PSL 2 is the least subject to being misinterpreted: The 
width of the individual 
bars sives the bandwidth 
Frequency of the filter quite visu- 
ally, and each bar by its 
\ averaging over frequency 
be well-indicated. 
C 





Bad Display of 
Averaged PSL 
sizes that the value of the PSL appro- 
priate to that frequency interval is 
the averaged value. 
Because of the fact that the 
averaged spectrum level smooths out 
and erases detail which would 
otherwise be found in the true 
Ambiguous Display spectrum level, it is very im- 




SPECTRUM LEVEL AND BAND LEVEL 
Reca l l  t h a t  t h e  t o t a l  i n t e n s i t y  I i n  a bandwidth w i s  t h e  
a r e a  under t h e  i n t e n s i t y  d e n s i t y  v s  frequency curve.  The ana- 
logous q u a n t i t y  i n  t e r m s  of l e v e l s  i s  t h e  band l e v e l  BL, 
- 
P 
NOTICE THAT THE BAND LEVEL IS  NOT -THE AREA UNDER 
THE ISL v s  FREQUENCY CURVE. 
This  i s , b e c a u s e  t h e  Log of a product  i s  t h e  sum of t h e  l o g s  of 
t h e  i nd iv idua l  f a c t o r s :  
Log xy = Log x + Log y 
Consider a p l o t  of i n t e n s i t y  d e n s i t y  s v s  frequency a s  
shown: 
It i s  c l e a r  t h a t  t h e  t o t a l  i n t e n s i t y  I i n  t h e  bandwidth w i s  
given by I = cow . I f  w e  express  t h i s  i n  Log form, w e  o b t a i n  
f I c l  Ad-  ,& 2 = / o A  - * 8 1-4 8 ~r I % 
The l e f t  hand term i s  an i n t e n s i t y  l e v e l  f o r  t h e  i n t e n s i t y  
w i th in  t h e  band of f requenc ies  w. W e  now c a l l  t h i s  l e v e l  a 
band l e v e l ,  BL. The f i r s t  term on t h e  r i g h t  i s  t h e  ISL prev i -  
ous ly  def ined;  it i s  gene ra l ly  i d e n t i c a l  wi th  t h e  PSL. Thus 
I 1 
where t h e  1 Hz i n  t h e  denominator of t h e  l a s t  tern i s  under- 
stood. 
In  genenax t h i s  expt tession i s  e x a c t  o n l y  i d  t h e  npec;tnum 
Leve l  4s  conntanZ oven t h e  bandwidth w. ffoweven, it i s  nea- 
~ o n a b L y  accunate  i d  t h e  t n u e  spectnum Level  d o w  n o t  dLuckuake 
b y  mane t h a n  a dew dB oven t h e  nange od w. 
Notice t h a t  t h i s  formula can be turned around: I f  a band 
l e v e l  BL has been exper imental ly  ob ta ined  by measuring t h e  
a c o u s t i c a l  energy over some bandwidth w, then  t h e  averaged 
spectrum l e v e l  over t h i s  bandwidth can be found from 
PSL (averaged) = BL - 10 Log w 
A SAMPLE CALCULATION 
As a simple example, l e t  us ob ta in  t h e  overa l l  band leve l  f o r  the 
PSL curve presented below: 
. 
From t h e  s t e p l i k e  na tu re  o f  the curve, we can spec i fy  two bandwidths wl 
and w2 a s  shown, w i t h  the as soc i a t ed  averaged spectrum l e v e l s .  
For each of  t he se ,  we can c a l c u l a t e  the app rop r i a t e  band l eve l  : 
B L ( W ~  ) = P S L ~  + 1 o  LO^ wl 
BL(w2) = PSL2 + 10 Log w 2 .  
i 
So f a r ,  we have had t o  do no more than a l i t t l e  c u r v e - f i t t i n g  and appl ica-  
t i o n  of  formulas which have been presented previously.  Now, however, a 
new problem has appeared. We must combine the two band leve l  s i n t o  a s i n -  
g l e  band leve l  f o r  the t o t a l  frequency in t e rva l  wl + w2. The combined BL 
is  - not  the sum of  the individual  ones,  because we a r e  in  dB: I ~ ~ ~ A A X ~ A  
add 6u;t toga 06 MemkXe6 do naX. What must be done is  t o  determine the 
i n t e n s i t y  in  BL(wl) and the i n t e n s i t y  in  BL(w2), add these  t oge the r ,  and 
express  the r e s u l t  a s  a band 1 eve1 . 
Let us i l l u s t r a t e  this w i t h  an example. We sha l l  f i rs t  do the exam- 
ple i n  t h e  method ind ica ted  above, and then presen t  a simple nomogram 
which avoids  a l l  the work. I f  
then BL(wl) = 140 + 10 l o g  1000 = 170 dB r e  luPa 
BL(w2) = 135 + 10 Log 2000 = 168 dB re luPa 
I(wl ) / I ref  = a n t i l o g  170 = 
168 = 1016.8 
= a n t i l o g  
BL(wl  + w2) = 10 l o g  (10 l 7  + = 172.1 dB re IuPa.  
NOMOGRAM FOR COMB I N  ING LEVELS 
T h i s  nomogram allows the  combination of two 
d i f fe ren t  band level s (o r  two independent 
sound pressure level s )  by graphical means. If 
the two levels  t o  be combined a r e  BL1 and BL2, 
the  procedure i s  as  follows: 
a 0b;tu.k t h e  diddehwce BL1 - BL2. 
Locate Rkis nwnbett on ;the ho/tizonAd a h ,  
move 4;trtdigh.t up UYLtie t h e  cwtue heached, - 
and &en move hotLizovLtaeeg Xhe 4ed.t un- 
;tie t h e  u m % d  axib .h truched, and head 
BL1 - BL2 
As an example of the  application of t h i s  nomogram, recal l  the pro- 
blem worked out on the  previous page. The two band levels  which were ca l -  
culated there  were BL, = 170 dB r e  1pPa and BL2 = 168 dB r e  luPa. The 
di5ference i s  +2 dB; finding t h i s  value, projecting upward, and reading 
to  the  l e f t  gives 2.1 dB, so t ha t  the combination of these two levels  
y ie lds  a to ta l  band level of 170 + 2.1 = 172.1 dB r e  luPa. Since the  usual 
uncertainty i n  level s exceeds a few tenths of a dB, i t  i s  appropriate t o  
- round this combined level t o  172 dB r e  1pPa. 
BAND LEVEL AND SPECTRUM LEVEL OF A TONAL 
What i s  t h e  band l e v e l  i f  t h e r e  i s  only a t ona l ?  
-
BL(wl) = B L ( w 2 )  = SPL of t o n a l  
What i s  t h e  spectrum l e v e l  i f  t h e r e  i s  only a tona l ?  
-
But f o r  a pure t o n a l ,  w can be any va lue  s o  long as it in-  
c ludes  t h e  frequency f  of t h e  t ona l .  
LET US ADOPT A C O N V E N T I O N :  
L e t  w = 1 Hz i n  spec i fy ing  t h e  p re s su re  spectrum l e v e l  
of a t o n a l  
This  a l lows  us t o  p l o t  t h e  l e v e l s  od t o n a l s  on spectnum 
l e v e l  gaaphs and calcula.te o v e n a l l  band L e v e l s .  
TONALS COMBINED WITH BACKGROUND 
When there are strong tonals present, the band level can- 
not be expressed as B + 10 Log w, because of the additional in- 
tensity contributed by the tonals. We must calculate the inten- 
sity from the background spectrum (without the tonals) and add 
this to the intensity of the tonals which are also present. 
Equivalently, we find the bandwidth of each and combine them: 
The total band level is found by combining BLA and BLB with 
the help of the nomogram. 
Notice that if the tonal is relatively strong and the 
bandwidth narrow enough, the combined level will be due essen- 
tially to the tonal. As the bandwidth w increases, however, 
the influence of the (10 Log w) term will become stronger, 
causing BL to increase. Eventually the contribution from the B 
background will get so large that BLB will dominate and the 
influence of BLA will be lost. 
PROPORTIONAL FILTERS 
Many f i l t e r s  a r e  designed so  t h a t  t h e  bandwidth i s  
propor t iona l  t o  t h e  frequency a t  which t h e  f i l t e r  i s  s e t :  
Octave Band F i l t e r  
1/3 Octave Band F i l t e r  
1 / 1 0  Octave Band F i l t e r ,  
For t h e s e  f i l t e r s ,  t h e  BL and PSL curves w i l l  have d i f f e r e n t  
shapes. 
Octave Band Spectnum LeveLcl 7 
Frequency i n  Hz 
.21501 , B 1 I I 1 ,  
100 2b0 400 800 d o 0  3200 6400 
m 
Frequency i n  Hz 
'3 








Octave Band LeveLh 
CONSTANT BANDWIDTH FILTERS 
Certain o the r  f i l t e r s  a r e  designed t o  have constant  
bandwidth. For these  f i l t e r s ,  
So t h a t  i f  t h e  band l e v e l s  a r e  recorded and p lo t t ed ,  t h e  
PSL curve w i l l  have t h e  same shape, but  d i f f e r e n t  absolu te  
values:  
THE SONAR EQUATION 
The b a s i c  probiem t o  be solved i n  t h e  d e t e c t i o n  of under- 
w a t e r  t a r g e t s  i s  t o  f u l f i l l  t h e  requirements of t h e  SONAR 
EQUATION 
where /EL = Echo Level ,  t h e  l e v e l  of t h e  d e s i r e d  s i g n a l  
de t ec t ed  by t h e  r ece ive r .  I n  t h e  ca se  of 
pass ive  sonar t h i s  i s  t h e  sound which has been 
r a d i a t e d  by t h e  o b j e c t  of  i n t e r e s t  and de t ec t ed .  
For a c t i v e  sonar it i s  t h e  tone  b u r s t  which has 
been generated by t h e  t r a n s m i t t e r ,  r e f l e c t e d  by 
t h e  o b j e c t  of i n t e r e s t ,  and d e t e c t e d  by t h e  
r e c e i v e r .  
'ML = Masking Level ,  t h e  i n t e n s i t y  l e v e l  t h a t  t h e  
Echo Level must exceed before  t h e  sonar system 
w i l l  r e g i s t e r  a de t ec t ion .  The Masking Level 
depends on: 
(1) The na tu re  and behavior of t h e  undesi red 
no i se  de t ec t ed  by t h e  r e c e i y e r ;  
( 2 )  The way t h e  r ece ive r  ( o r  processor)  
ana lyzes  t h e  t o t a l  rece ived  sound t o  f i n d  any 
. evidence of a d e s i r e d  s i g n a l ;  
( 3 )  The c r i t e r i a  r e l a t i n g  t h e  p r o b a b i l i t i e s  
of guessing r i g h t l y  o r  wrongly t h a t  an o b j e c t  
of i n t e r e s t  i s  indeed p re sen t .  
PASSIVE SONAR 
w h e r e  " S L  = S o u r c e  L e v e l  of t h e  t a r g e t  
r/TL = One-way Transmission Loss 
ACTIVE SONAR 
where 
SL = Source Level of t r a n s m i t t e r  
2TL = two-way Transmission Loss 
TS = Target S t rength ,  t h e  measure i n  dB of 
i t h e  a b i l i t y  of t h e  t a r g e t  t o  r e f l e c t  
sound toward t h e  r ece ive r .  
L -- 
The above a c t i v e  SONAR equation i s  f o r  a  monostatic case ,  
wherein t h e  source and rece ive r  a r e  coincident  so t h a t  t h e  TL 
from source t o  t a r g e t  i s  t h e  same a s  t h e  TL from t a r g e t  t o  
rece iver .  Our d iscuss ion  w i l l  usua l ly  be r e s t r i c t e d  t o  t h i s  
case.  Extension t o  t h e  b i s t a t i c  s i t u a t i o n  i n  which source and 
rece iver  a r e  a t  d i f f e r e n t  loca t ions  i s  t r i v i a l :  I f  t h e  t r ans -  
mission l o s s  from s0urc.e t o  t a r g e t  i s  TL, and from t a r g e t  t o  
rece iver  TL', then a l l  t h a t  i s  requi red  i s  t o  replace  2TL w i t h  
TL + TL'  , so t h a t  we have 
MASKING LEVEL (PASSIVE) 
I n  t h e  ca se  of pass ive  SONAR, t h e  only  masking mechanism 
- i s  ambient- o r  se l f -no ise :  
A s  range between t h e  source  of sound and t h e  pass ive  sonar 
i nc reases ,  t h e  echo l e v e l  w i l l  t end  t o  diminish (a l though it 
may inc rease  i f  t h e r e  is  convergence zone c a p a b i l i t y  and t h e  
range between source  and r e c e i v e r  i s  t h e  convergence zone 
 range).^ The rece ived  no i se ,  however, a r i s e s  from t h e  ambient 
n o i s e  of t h e  ocean o r  t h e  no i se  generated by t h e  r ece iv ing  
pla t form so  t h a t  it is, on t h e  average,  independent of range. 
When t h e  echo l e v e l  has f a l l e n  below t h e  no i se  masking l e v e l ,  
then  t h e  source  cannot be de t ec t ed  and t h e  maximum d e t e c t i o n  
range has been reached. 
J MASKING LEVEL (ACTIVE) 
The undesired no i se  competing wi th  t h e  d e s i r e d  s i g n a l  can 
a r i s e  from two poss ib l e  mechanisms i n  t h e  c a s e  of a c t i v e  SONAR: 
/Masking $ h a m  ambienz a h  b e l a  na ine  
L/ Mas king d h a m  hevehbehaXian . 
Which of t h e s e  two mechanisms i s  dominant depends on t h e  range 
between source  and t a r g e t .  General ly  speaking,  f o r  low-powered 
a c t i v e  systems t h e  performance w i l l  be no ise - l imi ted ,  i n  t h a t  
t h e  maximum e f f e c t i v e  d e t e c t i o n  range w i l l  be determined when 
t h e  echo l e v e l  d iminishes  below t h a t  l e v e l  f o r  which it can be 
e x t r a c t e d  from t h e  ambient o r  s e l f  noise .  For higher-powered 
a c t i v e  systems, however, r eve rbe ra t ion  becomes an important  
source  of i n t e r f e r e n c e .  Reverberation t ends  t o  decrease  wi th  
i nc reas ing  range,  bu t  l e s s  r a p i d l y  than t h e  echo l e v e l .  Thus, 
i f  t h e  echo l e v e l  has diminished u n t i l  it i s  bur ied  i n  t h e  rever -  
b e r a t i o n ,  bu t  t h e  r eve rbe ra t ion  has no t  y e t  f a l l e n  s u f f i c i e n t l y  
below t h e  ambient ( o r  s e l f )  no ise ,  then  t h e  maximum d e t e c t i o n  
range is determined by t h e  r eve rbe ra t ion .  The two s i t u a t i o n s  
a r e  suggested i n  t h e  f i g u r e s :  
Level From 1 





Maximum I from Rever- 
Detec- t i o n  ' I \ration 
range 
The choice  i s  a l i t t l e  more s u b t l e  than  suggested by t h e  above 
simple curves .  I f  t h e r e  is  a Doppler-induced d i f f e r e n c e  i n  
frequency between t h e  echo rece ived  from t h e  t a r g e t  and t h e  
r eve rbe ra t ion ,  and i f  it i s  poss ib l e  i n  t h e  r ece ive r  t o  d i s c r i -  
minate between t h e s e  two f requenc ies ,  then t h e  masking of t h e  
echo can a r i s e  from t h e  ambient no i se  a t  t h a t  frequency.  I f  
t h e  t a r g e t  i s  s t a t i o n a r y ,  however, t h e  masking i s  from t h e  
r eve rbe ra t ion ,  s i n c e  echo and r eve rbe ra t ion  then have t h e  same 
frequency. 
DETECTED NOISE LEVEL 
The masking level can also be written 
MI, = DNL + DT 
where DNL = Detected Noise Level, the Intensity Level in 
dB of the undesired signal as presented to 
the decision-making system 
and DT = Detection Threshold, the number of dB by which 
the Echo Level must exceed the Detected Noise 
Level to allow a detection to be registered 
with a specific degree of confidence. 
The Sonar Equation then becomes 
E L  > D N L  t D T  
passive 
active 
FIGURE OF MERIT 
FOM 
I f  t h e  SONAR equa t ions  a r e  rearranged i n t o  t h e  forms 
i s o l a t i n g  t h e  t ransmiss ion  l o s s e s ,  
ACTIVE', 
o r  T L  S L  - M L  PASSIVE, 
then t h e  right-hand s i d e s  a r e  termed t h e  F igures  of M e r i t ,  o r  
/For ambient- or s e l f - n o i s e  l i m i t e d  performance, FOM is a 
number independent of range which can be c a l c u l a t e d  f o r  t h e  
p a r t i c u l a r  SONAR system being considered.  I f  TL f o r  pass ive  
sonar ,  o r  2TL f o r  a c t i v e ,  exceeds t h e  FOM, then d e t e c t i o n  i s  
no t  pos s ib l e  t o  wi th in  t h e  d e s i r e d  p r o b a b i l i t y  of success .  
d ~ o r  a c t i v e  SONAR under reverbera t ion- l imi ted  performance, 
FOM i s  a func t ion  of range,  bu t  it s t i l l  provides  t h e  same 
numerical c r i t e r i o n  t h a t  2TL must s a t i s f y  i n  o rder  t h a t  detec-  
t i o n  be achieved. 
TWO EXAMPLES 
PASSIVE SONAR 
T Y  
/ 





F o H  
ranges for which detections are possible for con- 
ditions equal to or better than those specified 
in ML. 
SOURCE LEVEL (PASSIVE) 
/ Noise sources radia te  sounds of two d i s t i n c t  types: & I .  Tonal s (monofrequency components) 
Sources: Propul sion machinery (main motors, reduction gears)  
Auxi 1 iary  machinery (generators, pumps, air-condi t ioners )  
Propeller-induced resonant hull exci ta t ion 
Hydrodynamical ly-i nduced resonant excitat ion of cav i t i e s  , 
pla tes ,  and appendages 
7 
7' ' SL = SPL of the  tonal extrapolated back from larger  distances t o  
' 1'-meter from the  acoustic center of the  source. 
M m w t m e m  m e  unu&y made aR: a dinkance &am ;the aowtce and exa%- 
po&.ted back Ito 7 me-te,t t o  avoid m o u  trauR;ti;~g dh0m u i n g  khe com- 
pficated ptuawre d i d d  which e&& in t he  vicinLty 06 t h e  k g e  aawtce. 
11. Broadband Noise 
Sources: Cavitation a t  o r  near propellers and a t  s t r u t s  and appendages 
Flow noise 
# 
SL = SSL + 10 log w 
where w i s  the bandwidth of the system and 
SSL = pressure spectrum level extrapolated back from larger  
distances t o  1 meter from the acoustic center of the 
source. 
16 ;the SSL h nak a n e m y  ca~nkavtt o v a  w, khe bandwidth muk be 
0 subdivided i&o  a m & a  aegmeuLt6, the  BL 06 each daund, and then aLl 
the  BL 'a  combined t o  give SL. 
1 ;/---- 
Below a r e  given typical averaged Source Spectrum Levels fo r  a conventional 
submarine on e l e c t r i c  drive a t  periscope depth. The bandwidths over which 
the spectrum levels  were obtained a re  not known, b u t  a re  probably large so 
t ha t  tonals do not contribute appreciably. 
Adapted from Urick, Principles of Underwater Sound fo r  Engineers. 





Frequency in Hz 
100 1,000 10,000 
133 dB r e  1pPa 120 100 
140 127 112 
143 133 119 
147 135 122 
SOURCE LEVEL (ACTIVE) 
SL = Sound Pressure  Level 1 m from t h e  a c o u s t i c  c e n t e r  
of t h e  t r a n s m i t t i n g  t ransducer ,  a s  found by ex t r a -  
p o l a t i n g  t h e  p re s su re  ampli tude back from l a r g e r  
d i s t a n c e s .  
Power = Acoustic power ou tpu t  of t h e  t ransducer  
i n  Watts. 
SL re 1pPa = 1 0  Log (Power) + D I  + 171 dB 
D I  = Dihectivity I n d e x .  This  i s  a  measure of 
how we l l  t h e  source  is  a b l e  t o  channel  
t h e  a c o u s t i c a l  power i n t o  some s p e c i f i c  
A 
d i r e c t i o n  ( r a t h e r  than r a d i a t i n g  it o u t  
where 171 dB = A cons t an t  which t a k e s  c a r e  of t h e  u n i t s .  
i n  a l l  d i r e c t i o n s ) .  
DIRECTIVITY I N D E X  @ 
T h e  Plty.5 i c a t  Meaning : 
r a d i u s  r 
 lt .  
Sphere of 
I l l umina ted  
pa t ch  on t h e  
u n i t  sphere  
subtending 
s o l i d  a n g l e  SI 
Surface  a r e a  of 
t h e  i l l umina ted  
pa t ch  = or2 .  
Sur face  a r e a  of 
t h e  sphere  = 47rr . 
The f r a c t i o n a l  a r e a  o f  t h e  sphere  which is i l l umina ted  i s  
R / 4 ~ r .  The i n v e r s e  of t h i s  is  t h e  d i r e c t i v i t y  D f  which, f o r  
t h i s  simple example, i s  g iven  by 
The Def in i t i on :  
The p r e s s u r e  f i e l d  genera ted  by an a r r a y  a c t i n g  l i k e  a  
source ,  o r  t h e  s e n s i t i v i t y  of an a r r a y  a c t i n g  l i k e  a  r e c e i v e r ,  
can be w r i t t e n  i n  t h e  form 
P(r ,B.$)  = P a X W  H ( 9 . Q )  
- ---- 
where Pax is  t h e  p re s su re  on t h e  a c o u s t i c  a x i s  of t h e  a r r a y ,  and 
H ( B , $ )  i s  t h e  d i r e c t i o n a l  f a c t o r  t h a t  c o r r e c t s  f o r  p o i n t s  o f f  
t h e  a x i s .  S ince  t h e  a c o u s t i c  a x i s  i s  de f ined  t o  be t h e  d i r e c -  
t i o n ( ~ )  f o r  which t h e  genera ted  p r e s s u r e  f i e l d ,  o r  t h e  s e n s i t i -  
v i t y ,  i s  l a r g e s t ,  H(9,$) i s  normalized t o  have a  maximum va lue  
of u n i t y  on t h e  a c o u s t i c  a x i s ,  and t o  be no g r e a t e r  than  u n i t y  
f o r  any o t h e r  d i r e c t i o n s .  The d i r e c t i v i t y  is  de f ined  a s  
A 
. 
The d i r e c t i v i t y  index i s  t h e  express ion  of t h e  d i r e c t i v i t y  D in 
d B  terms,  
I I 
EXAMPLE: AN ARRAY OF TWO RECEIVERS 
a = Separation of receivers 
X = Wavelength of incoming wave 
8 = Angle between direction of incoming 
wave and the perpendicular bisector 
of the line joining the receivers. 
(This is equal to the angle between 
the wave front and the line joining 
the receivers. ) - 
If X = a/2, the array 
will have a direc- 
tional factor H ( 0 )  as 
qraphed 
8 = 0 Both receivers experience the 
same pressure at the same time, 
combined output has m a x i m u m  a m p l i -  
tude . 
sin 8 = - 2a Receivers experience pres- 
sures 180° out of phase, combined 
output is zero, and there is a - null.
A Receivers again receive sin 0 = -a 
pressures in phase and output is 
again maximum. I 
Pidton Sauhce on Receiveh 
A s  a source:  P r o j e c t s  t h e  acous- 
t i c a l  s i g n a l  r a t h e r  l i k e  a 
f l a s h l i g h t  mainly i n t o  
d i r e c t i o n s  c l o s e  t o  8 = 0.  
A s  a  r ece ive r :  Is most s e n s i t i v e  
- 90° 40° t o  sound a r r i v i n g  from 
t' d i r e c t i o n s  c l o s e  t o  8 = 0 .  
L i n e  S a u c e  on Receiven 
2 
D I  4 1 0 L o g ( ~ )  
The a c o u s t i c a l  s i g n a l  i s  s e n t  i n t o  ( o r  rece ived  from) 
angles  c l o s e  t o  8 = 0 .  The source ( o r  r e c e i v e r )  t h e r e f o r e  sends 
sound o u t  i n t o  ( o r  r e c e i v e s  sound from) a narrow wedge above 
and below t h e  plane su r f ace  *perpendicular  t o  t h e  a x i s  of l i n e  
source  o r  r e c e i v e r ,  i n  an " e q u a t o r i a l  b e l t " .  
. 
i f  a i X  ' s i n  g o  = 0 . 6 1  g X 
D I  4 1 0  Log (2L/X) i f  L > X  
-- 
s i n  e0 = h/L 
LOBES AND NULLS 
Proper t i e s  of t h e  Direc t ional  Factor  
Lobe 
( o r  s ide )  Lobes 
l ~ u l l s ,  o r  Nodal Surfaces 
How many s i d e  lobes  o r  nodal sur faces  t h e r e  a r e  depends 
on t h e  s i z e  of t h e  source and rece ives  compared t o  a wave- 
length  of t h e  sound wave being generated o r  received. The 
l a r g e r  t h e  wavelength i s  compared t o  t h e  s i z e ,  t h e  " f a t t e r "  
t h e  major lobe and t h e  fewer t h e  s i d e  lobes t h a t  w i l l  be 
found. The f a t t e r  t h e  major lobe is ,  t h e  g r e a t e r  w i l l  be 
fH2 dR, s o  t h a t  D g e t s  smaller:  
"--. Small  -5ouhcen an neceivena ahe l e s n  dinec;tianab \ 
t h a n  l unge  onen d o h  *he name tjnequency 06 sound. / '  
'-. 
__--- 
THE SHADED ARRAY 
Sources  and r e c e i v e r s  can  be  shaded by p r e f e r e n t i a l l y  
a m p l i f y i n g  t h e  s i g n a l s  g e n e r a t e d  o r  d e t e c t e d  by c e r t a i n  of 
t h e  i n d i v i d u a l  e l e m e n t s  o f  t h e  a r r a y :  
This changes  t h e  r e l a t i v e  impor tance  of  t h e  s i d e  l o b e s  
compared t o  t h e  major  l o b e :  
The r e s p o n s e  i n  d i r e c t i o n s  o t h e r  t h a n  t h a t  of t h e  major  
l o b e  can  be  reduced  o r  enhanced r e l a t i v e  t o  t h e  major  l o b e ,  and 
t h e m a j o r  l o b e  may be broadened or  narrowed,  depending on t h e  
c h o i c e  of  t h e  a m p l i f i c a t i o n s .  
T H E R E  IS A T R A D E - O F F :  
DESIRED EFFECT PENALTY 
Suppkeaa t h e  b i d e  lobe6  Majok Lobe i b  btroade~ed  
Reduce anguLak e x t e n t  Labed wiLL be 
oh Lhe majok Lobe ~ 2 e n g t h e n e d  
THE STEERED ARRAY 
Sources  and r e c e i v e r s  can be s t e e r e d  by i n s e r t i n g  t ime 
d e l a y s  i n  the s i g n a l s  gene ra t ed  o r  d e t e c t e d  by t h e  i n d i v i d u a l  
e iements  of the a r r a y .  
Thrs changes the d i r e c t i o n  of t h e  major l obe ,  p o i n t i n g  i t  o f f  
a t  some ang le  B s :  
T H E R E  A R E  TRADE-OFFS: I n  o r d e r  f o r  a major lobe  t o  be s t e e r e d  
t o  l a r g e  ang le s ,  t h e  a r r a y  must be designed t o  be less d i r e c -  
t i o n a l  than p o s s i b l e  when it i s  uns teered .  Otherwise,  when it  
i s  s t e e r e d ,  a d d i t i o n a l  major l obes  may appear.  
ARRAY GAIN FOR A RECEIVER 
AG 
- 
Array ga in  i s  a  measure of t h e  enhancement of t h e  d e s i r e d  
s i g n a l  wi th  r e s p e c t  t o  t h e  de t ec t ed  no i se ,  brought about by 
t h e  app rop r i a t e  des ign  of t h e  r ece iv ing  a r r a y  and d e t e c t i o n  
system. It depends on t h e  d i r e c t i o n a l  p r o p e r t i e s  of  both t h e  
no i se  and t h e  d e s i r e d  s i g n a l ,  on t h e  design of t h e  r ece iv ing  
a r r a y ,  and a l s o  on t h e  s i g n a l  process ing.  For example, s i g n a l  
process ing (such a s  c o r r e l a t i o n ) ,  by tak ing  i n t o  account t h e  
d i f f e r e n t  s p a t i a l  p r o p e r t i e s  of t h e  s i g n a l  and no i se ,  can pro- 
v i d e  an a r r a y  ga in  d i f f e r e n t  from t h e  d i r e c t i v i t y  index. 
f un  t h e  case  0 6  a  s i m p l e  ahhay i n  which t h e  o u t p u t s  0 5  
t h e  hepanaxe h e c e i v e h i  axe  added t o g e t h e n ,  
where IN(fi) = t h e  no ise  i n t e n s i t y  per  u n i t  s o l i d  angle  
coming from t h e  fi d i r e c t i o n .  
I S ( R )  = t h e  s i g n a l  i n t e n s i t y  per  u n i t  s o l i d  angle- 
coming from t h e  R d i r e c t i o n .  
I 
The Annay Gain depend4 on t h e  s p a t i a l  phope t t i eh  0 6  bo th  
s i g n a l  and n o i s e .  A4 a  t e s u l t ,  t h e  v a l u e  0 6  AG may weLl depend 
on t h e  d i n e c t i o n  i n  which t h e  anhay i a  p o i n t i n g .  
I f  t h e  no i se  i s  i s o t r o p i c  ( a r r i v i n g  uniformly from a l l  
d i r e c t i o n s )  and t h e  s i g n a l  a r r i v e s  from one d i r e c t i o n  on ly ,  then 
f o r  an a r r a y  i n  which t h e  ou tpu t s  of t h e  i nd iv idua1 . r ece iv ing  
elements a r e  added toge the r .  
TRRGET STRENGTH (ACTIVE) 
The Target  S t r eng th  is  def ined  a s  
TS = 2 0  L ~ ~ [ P I  ( r ' = l ) / ~ ( r ) ]  
t 
where P ( r )  = t h e  ampli tude of t h e  p re s su re  of t h e  i nc iden t  
wave t h a t  would be measured a t  t h e  p o s i t i o n  
of t h e  t a r g e t  i f  t h e  t a r g e t  were absen t .  
P r t =  = t h e  p re s su re  of t h e  r e f l e c t e d  wave ex t r a -  
po la ted  back t o  1 m from t h e  a c o u s t i c  c e n t e r  
of t h e  t a r g e t .  
Tange t  S t n e n g t h  depends on s h a p e ,  c o n s t a u c 2 i o n ,  and o n i e n t a t i o n  
06 t h e  t a a g e t ,  and on t h e  dneguency and puLae Length  0 4  t h e  
hound wave. 
<"-' The Table shows a few r e p r e s e n t a t i v e ,  b u t  very approximate, 
va lues  of t a r g e t  s t r e n g t h  f o r  a v a r i e t y  of o b j e c t s .  
Approximate Target  S t r eng th  (dB) Target  Frequency 
i n  kHz Beam Aspect Bow-Stern Aspect 
F l e e t  Subrnar i n e  10 35 30 
(approx 1 0 0  m long) 24 25 1 6  
S C l a s s  Submarine 24  20 13 
(approx 70 m long) 
+ Torpedo 24  -20 
Surface  V e s s e l  1 0  t o  30 
3 f t  mine 30-90 - -8 
Extrac ted  from: Physics  of Sound i n  t h e  Sea,  NDRC 
P r i n c i p l e s  of Underwater Sound f o r  Enqineers,  Urick 
P r i c i p l e  and Appl ica t ions  o f  Underwater Sound, NDRC 
NAVSHIPS 0967-129-3010 
EFFECT OF TARGET SIZE 
S h o r t  
P u l s e  
B u r s t  
B e c a u s e  of t h e  effect ive l e n g t h  Le of the t a r g e t ,  p o r t l o n n  
o f  the i n c i d e n t  p u l s e  which  r e f l e c t  f r o m  t h e  s t e r n  ( i n  t h e  a b o v e  
s k e t c h e s )  t rave l  a t o t a l  d i s t a n c e  of 2Le f a r t h e r  t h a n  t h e  r e f l ec -  
tions f r o m  t h e  bow. T h i s  means  t h a t  t h e  a p p a r e n t  d u r a t i o n  7' 
t h e  p u l s e  i s  s t r e t c h e d  f r o m  t t o  ( t  + 2 L e / c ) .  F o r  v e r y  l o n g  
$ u l s e s ,  t h e  a d d i t i o n a l  t i m e  i n t e r v a l  c o r r e s p o n d i n g  t o  t h e  rouna 
t r i p ,  2Le/c, can b e  n e g l e c t e d .  F o r  s h o r t  p u l s e s ,  h o w e v e r ,  t h ~ s  - 
s t r e t c h i n g  c a n  b e  q u i t e  i m p o r t a n t  i n  determining t h e  t a r g e t  
s t r e n g t h .  
DETECTED NOISE LEVEL 
SL - TL 2 ML + DT 
P C- 
may ahh ive  dnom a  phedehhed d i h e c t i o n .  16 Zhe h e c e i v e h  i s  
senh. i t ive o n l y  t o  n o h e  d h o m  home pnedehned d i n e c t i o n ,  t h e n  
Zhe n o i s e  it w i l l  a c t u a l l y  deZect  (DNL) must be t h e  n o i s e  
l e v e l  measuned b y  an omnidinecXionaL h e c e i v e h  (NL) neduced 
b y  t h e  annay g a i n  (AG) 0 6  t h e  d inecXiona l  h e c e i v e n ,  
DNL = NL - AG 1 
where DNL = unwanted noise detected by the directional 
receiver of bandwidth w. 
NL = Noise Level in the environment (as would be 
detected by an omnidirectional receiver of 
bandwidth w) . 
AG = Array Gain, the improvement (reduction) in 
/ 
. - 
DNL resulting from the array design and 
processing. 
R E C A L L :  -
If the noise is not directional, and if the signal is an ideal 
plane wave (or at least close to it), then AG and DI are essen- 
tially the same. 
'95 D 
NOISE LEVEL 
DNL = @ - AG 
NL = NSL + 10togw 
whene 
NL = noise level, the acoustic energy in dB found 
in the bandwidth of the system, 
NSL = noise spectrum level, the pressure spectrum 
level of the unwanted noise, 
and 
w = the bandwidth of the system in Hz. 
I NOTE: THE SAME LIMITATIONS APPLY IN USING THIS FORMULA AS 
WERE POINTED OUT IN THE DISCUSSION OF THE BROADBAND SL. 
There are two basic sources of noise in SONAR: 
I .   AMBIENT N O I S E [  - -  n o i s e  e x i s t i n g  i n  t h e  env ihonment  
i n  t h e  a b s e n c e  0 6  boTh t h e  h e c e i v i n g  platdohrn and 
t h e  T a h g e t .  
2 .  1-1 -- n o i s e  cneazed  by  The  n e c e i v i n g  platbonm.  
If both ambient- and self-noise are competitive, then the com- 
bined noise level is found by combining NL (ambient) and NL 
(self) with the help of the nomogram. 
@%& AMBIENT-NOISE SPECTRUM LEVEL ( D e e p  w a t e r )  
Frequency (Hz)  
- 
Adapted from: Wenz, J o u r .  Acoust.  Soc. Am. - 3 4 , 1 9 3 6  - 1 9 5 6  ( 1 9 6 2 )  
P e r r o n e ,  i b i d  - 4 6 ,  7 6 2  - 770  ( 1 9 6 9 )  
C 
SELF-NOISE SPECTRUM LEVEL 
NL(se1f) = NSL(se1f) + 10 log w 
Sources of Self-Noise: 
Broadband -- Hydrodynamic noise due to flow past 
receiver/acceleration of receiver 
Broadband and Tonals -- ~achiner~ noise of own platform 
The NSL(se1f) values are usually presented as ''equivalent 
omnidirectional" noise spectrum levels even though the data 
may have been obtained with a directional receiver. 
16 n i g n i d i c a n t  h e l d - n o i s e  i s  pnesent ,  it must be combined w i t h  
t h e  ambient  n o i s e  l e v e l  t o  o b t a i n  $he t o t a l  n o i s e  l e v e l .  S i n c e  
t h e s e  two abunces 0 6  n o i s e  aae independen*, t h e i n  i n X e n s i t i e s  




REVERBERATION (ACTIVE SONAR) 
DNL = @ 
I f  t h e  sound f i e l d  generated by t h e  source i s  s t rong 
enough, and i f  t h e r e  a r e  enough s c a t t e r e r s  present  i n  t h e  v i c i -  
n i t y  of t h e  des i red  t a r g e t ,  then t h e  sca t t e red  sound from t h e  
undesired s c a t t e r e r s  i s  received along with t h e  echo from t h e  
des i red  t a r g e t .  This undesired sound i s  c a l l e d  reverberat ion.  - 
The echo l e v e l  of t h e  s i g n a l  received 
t a r g e t  i s  
EL = SL - 2TL + TS 
where TS i s  t h e  t a r g e t  s t r eng th  of t h e  des 
from t h e  des i red  
(monostatic) 
red  t a r g e t .  The 
reverberat ion l e v e l  RL can be w r i t t e n  i n  t h e  form 
RL = SL - 2TL + TS '  (monostatic) 
where TS'  i s  t h e  combined t a r g e t  s t rength  of a l l  t h e  undesired 
s c a t t e r e r s .  When reverberat ion i s  t h e  dominant source of 
unwanted sound, t h e  SONAR equation becomes t 
EL 2 RL + DT 
o r  
TS 2 TS '  + DT 
The cenMaL pnobtem i n  ob ta in ing  T s l  i n  t o  detenmine t h e  votume 
on anea which s c a t t e n s  t h e  sound so t h a t  it annives  a t  t h e  
n e c e i v e t  a t  t h e  same t i m e  as t h e  s i g n a t  6 k o m  t h e  d e s h e d  t a n g e t .  
T h i s  i s  sugges ted  i n  t h e  s k e t c h  betow. 
I 
VOLUMF: REVERBERATION 
RL = SL - 2TL + R  
The t a r g e t  s t r e n g t h  TS' of t h e  undesired s c a t t e r e r s  can 
be w r i t t e n  a s  
TS' = 1 0  l o g  svv 
where V i s  t h e  volume from which t h e  r eve rbe ra t ion  s e n t  t o  t h e  
r ece ive r  i s  i n  competi t ion wi th  t h e  r e f l e c t e d  s i g n a l  from t h e  
d e s i r e d  t a r g e t  and sv i s  a measure of t h e  s c a t t e r i n g  c r o s s  
s e c t i o n  per  u n i t  volume. I t  has become convent ional  t o  express  
s i n  dB terms through t h e  d e f i n i t i o n  
v 
The c a l c u l a t i o n  0 4  t h e  n e v e x b e n a t i o n  volume v l i e s  a t  t h e  h e a x t  
06 *he pxoblem. T h i s  i s  a  s t u d y  i n  geometky ,  i n v o l v i n g  t h e  way 
i n  which ma jo l~  l o b e s  0 4  sauce and k e c e i v e a  o v e n l a p .  
I f  w e  r e s t r i c t  ou r se lves  t o  t h e  monosta t ic  s i t u a t i o n  and 
assume t h a t  t h e  major lobe  of t h e  r e c e i v e r  completelv over laps  
t h e  major lobe  of t h e  source ,  it then fol lows t h a t  t h e  volume 
V can be w r i t t e n  
where r i s  t h e  time dura t ion  of t h e  a c o u s t i c a l  pu l se  and R i s  
t h e  s o l i d  ang le  subtended by t h e  major lobe of t h e  r a d i a t i o n  
p a t t e r n  of t h e  source. Reca l l  t h a t  t h i s  i s  r e l a t e d  t o  t h e  
d i r e c t i v i t y  index by D I  - 10 l o g ( l s / R ) .  The term TLg a r i s e s  
from t h e  f a c t  t h a t  t h e  c ros s - sec t iona l  a r ea  of t h e  reverbera-  
t i o n  volume c l e a r l y  depends on t h e  range from t h e  source,  and 
t h i s  can be expressed by t h e  geometr ical  spreading of t h e  
sound beam. Thus, f o r  t h i s  simple monostat ic s i t u a t i o n ,  w e  have 
r 47Tc.r TS' = Sv + TL + l o l o g -  - D I  
g 2 
SURFACE REVERBERATION 
RL = SL - 2TL + @ 
I n  t h e  case of s c a t t e r i n g  which a r i s e s  from a sur face  
(such a s  t h e  sea sur face  o r  t h e  bottom) o r  from some well- 
defined layer  such a s  t h e  bubble l aye r  underlying t h e  water-air  
i n t e r f a c e ,  t h e  reverberat ion t a r g e t  s t r eng th  i s  expressed a s  
TS '  = Ss + 1 0  log  A 
where A i s  t h e  sur face  area generating reverberat ion i n  compe- 
t i t i o n  with t h e  des i red  t a r g e t  and Ss is t h e  s c a t t e r i n g  s t r eng th  
(per  u n i t  a r e a ) .  
A s  before,  t h e  problem i s  one pr imari ly  of geometry, 
involving t h e  way i n  which source and rece ive r  major lobes over- 
lap.  I f  we again r e s t r i c t  ourselves t o  t h e  simple monostatic 
geometry used previously ( f o r  which t h e  major lobe of t h e  re-  
ce iver  completely overlaps t h a t  of t h e  source) ,  then t h e  sur face  
area  of i n t e r e s t  can be seen t o  be 
A = $ r  8 c-c 
where 9 i s  t h e  angle  i n  radians  of t h e  hor izonta l  angular width 
of t h e  r a d i a t i o n  pa t t e rn  of t h e  source. This then g ives  t h e  
equations 
3 
~ C T  TS'  = SS + LO log  r + 1 0   log^ 
3 
8c-c 
RL = SL - 2TL + 1 0  Log r + Ss + 10 t0g-1- 
I 
REPRESENTATIVE SCATTERING STRENGTHS 
The values o f  sca t te r i ng  strengths quoted below are  representa t ive  
only.  Large dev ia t ions 'can occur depending on loca t ion ,  season, b i o l o g i c a l  
a c t i v i t y ,  and so f o r t h .  
Deep Scattehing L a y m :  The sca t te r i ng  s t rength  Sv can vary between 
about -90 t o  -60 dB w i t h i n  the various sublayers. 
Watm V o h e :  I n  the  c l e a r  open ocean waters, Sv can be found t o  
range between -1 00 t o  -70 dB. 
Sadace ScattetLirtg: For reasonably low grazing angles, the  combined 
sca t te r i ng  from the  ocean surface and the  populat ion o f  bubbles 
found a t  shallow depths below the surface gives sca t te r i ng  
strengths Ss ranging around -50 t o  -30 dB f o r  sea s ta tes  between 
1  and 4. 
Bo,tfom S c d t t M g :  For graz ing angles between 20' and 60°, repre-  
senta t ive  values o f  the  sca t te r i ng  s t rength  ss range between -40 
and -10 dB. The exact values depend very s t rong ly  on the  p a r t i -  
c u l a r  bottom and i t s  composition. I n  general, however, as the 
grazing angle goes t o  zero, the  sca t te r i ng  becomes n e g l i g i b l e  
and SS goes t o  dB. 
REVERBERATION LEVEL DEPENDENCIES 
Notice t h a t  f o r  e i t h e r  volume o r  surface reverberat ion the  reverbera- 
t i o n  t a r g e t  s t rength  TS' increases w i t h  increasing range, e i t h e r  as TL 
9  (volume) o r  10 l o g  r (sur face) .  This i s  t o  be compared w i t h  ambient noise 
masking, fo r  which there  i s  no range dependence. T k i n  m e d u  khat, given  
nuddicisvLt suwrce. lev&, a6 S L  inateasecl SONAR pat&mnance wiU change @om 
ambient-no& e-LbLted pm@mance t o  t~evmbmc&ion-LhLte.d padomnance. 
While de tec t ion  f o r  ambient-noise l i m i t e d  performance depends on the source 
l e v e l  and d i r e c t i v i t y  index, no t i ce  t h a t  when the performance becomes rever -  
bera t ion  l i m i t e d  there i s  no dependence on the source l e v e l .  Addikiand 
powa wiU not hptLuve ttevetrbmatian-timaed pm~omance.  Reverberation can 
-
be reduced by increasing the d i r e c t i v i t y  o f  the source and/or receiver ,  o r  
by decreasing the  pulse length, given by CT. Increased d i r e c t i v i t y  has the 
disadvantage o f  reducing scanning rates, and decreased pul se length  may 
r e s u l t  i n  reduct ion o f  the  t a r g e t  s t rength  TS o f  the  desi red ta rge t .  
TOTAL COMBINED DNL 
SeLd Naiae ( A c t i v e  and Pass ive)  
Ambient Noia e (Active and Pass ive)  
DNLA = NSLA + 1 0  Log w - AG 
Revetbenation (Active) 
DNLR = RL = SL - 2TL + TS' 
Pass ive  S O N A R :  
DNLS and DNLA must be combined with  t h e  he lp  of t h e  
nomogram t o  o b t a i n  t h e  t o t a l  Detected Noise Level DNLT. 
AcXive S O N A R :  
(1) I f  t h e  frequency of t h e  echo cannot be d i s t i n g u i s h e d  
from t h a t  of t h e  r eve rbe ra t ion ,  then  DNLR, DNLAI and 
DNLS must be combined. 
( 2 )  I f  t h e  frequency of t h e  echo - can be d i s t i n g u i s h e d  
from t h a t  of t h e  r eve rbe ra t ion ,  then DNLA and DNLS 
must be combined as  i n  pass ive  SONAR. 
RANGE RATE 
The frequency of t h e  s i g n a l  obta ined by t h e  r e c e i v e r  
depends no t  only  on t h e  frequency t r ansmi t t ed  b u t  a l s o  on t h e  
r e l a t i v e  motion between source  and r e c e i v e r .  This  r e l a t i v e  
speed i s  cha rac t e r i zed  by a Range Rate def ined  a s  
where 
\- i = Ivl cos  0 + v2 COS e 2 (  , 1 
= v e l o c i t y  of v e s s e l  1; i t s  speed is  Vl = 1Gll 
62 = v e l o c i t y  of v e s s e l  2 ;  i t s  speed i s  v2 = 1G21 
e l  = angle  between l i n e  of c e n t e r s  and v e l o c i t y  of 
v e s s e l  1 
e 2  = angle  between l i n e  of c e n t e r s  and v e l o c i t y  of 
v e s s e l  2 
SOME EXAMPLES 
DOPPLER SHIFT FOR P A S S I V E  SONAR 
FREQUENCY 
For t << 0, rece iver  hears frequency f + &iAf (range c los ing)  
For t >> 0, rece ive r  hears frequency f - 4 A f  
A 
(range opening) 
~ k e  necubatry bandluidth w od the  heceiva m u d t  be ghed enough t o  accamo- 
ddte the. maximum expected V o p p l m  a k i d h .  While decreasing w w i  11 improve 
the  a b i l i t y  of a passive SONAR t o  detec t  tonals,  l t  cannot be made smal ler  
than the  expected Doppler s h i f t s .  Foh a pa-bhive SONAR 4yd&2?1, tki6 
treyu/iha that  ;the minimum accepakble bandwidth od Xhe ePztihe ~y /~ ; t em be 
w i n  Hz = 0.7 (range r a t e  i n  knots) (frequency i n  kHz) 
; Range Rate i s  t h e  speed w i t h  which two ob jec ts  approach o r  recede from each 
other; i t  i s  the  r e l a t i v e  speed. 
I f  a tonal  o f  known frequency f i s  being received, and i f  i t  i s  desi red t o  
determine the  range ra te ,  then the  bandwidth w can be d i v ided  up i n t o  
smal ler  i n t e r v a l s a w  by the  use o f  p a r a l l e l  f i l t e r s .  The output  o f  each 
f i l t e r  i s  processed, and the   articular f i l t e r  which provides a detec t ion  
ind ica tes ,  w i t h i n  Aw,  t he  Doppler s h i f t  o f  t he  detected tonal  and thus the 




Fil ters  
-ws I Frequency 
DOPPLER-SHIFT FOR ACTIVE SONAR 
I n  the  case o f  a c t i v e  SONAR, any motion o f  the  p la t fo rm w i l l  cause the 
generated s ignal  propagated i n t o  the water t o  have a  frequency s h i f t  which 
depends on the  bearing i n t o  which i t  i s  sent. This Doppler-shi f ted s ignal  
i s  subjected t o  a  f u r t h e r  Dopp ler -sh i f t  when i t  i s  r e f l e c t e d  from the moving 
ta rge t .  Without going i n t o  the spec i f i cs  o f  the  var ious frequency s h i f t s ,  
we s h a l l  simply quote some r e s u l t s  o f  i n t e r e s t :  
,- 
Became ad khe Itwa-way papaga;tion ad acom;ticat enmgy & ~ o m  t h e  moving 
bUWCe ;to t h e  moving t a r r g e t  a d  then hedlec;tion back t o  the  moving heco%en, 
khe neqLLined banduticlth doh Xhe neceLvui 06 an active SONAR i.h 
w i n  Hz = 1.4 (Range Rate i n  knots) (Frequency i n  kHz) 
Q t i ce  t h a t  t h i s  i s  tw ice  the bandwidth requ i red  i n  t he  passive SONAR case. 
I f  the t a r g e t  i s  s ta t i ona ry  w i t h  respect  t o  the  surrounding water, 
then the  desi red echo w i l l  have the  same frequency as the reverbera t ion  
and the  a b i l i t y  o f  the rece i v ing  system t o  recover s igna l  from noise w i l l  
be minimized. On the other  hand, when the  t a r g e t  i s  moving through the  
water, then the echo and reverberat ion w i l l  have d i f f e r e n t  frequencies and 
detec t ion  may be much easier .  
(This  e f f e c t  i s  easy t o  perceive: For example, i f  you 1  i s t e n  t o  the 
received echo and the accompanying reverberat ion,  i t  i s  q u i t e  d i f f i c u l t  t o  
be sure t h a t  a  weak echo i s  present i f  there  i s  no Dopp ler -sh i f t  w i t h  
respect t o  the reverberat ion.  On the o ther  hand, i f  there i s  a  Doppler- 
s h i f t ,  then the  change i n  frequency heard when the echo a r r i v e s  i s  q u i t e  
no t iceab le  even f o r  a  r a t h e r  weak echo.) 
The u e  06  pahaeeel &LLtm i n  t h e  heceivet 04 an a&ve bybtm 
in no.iAe-hi.ted pm~omance i n  dee dhequency .iM;tetv& A w  which do 
nut encompa ;the tevenbmaa2on ,jhequen~y. I f  the echo from the  moving 
t a r g e t  i s  s h i f t e d  i n t o  one o f  these i n t e r v a l s ,  de tec t ion  i s  noise- l imi ted.  
I f  the  t a r g e t  i s  s ta t ionary ,  o r  s u f f i c i e n t l y  slow, then the echo appears i n  
the same frequency i n t e r v a l  as the  reverberat ion,  and detec t ion  i s  rever -  
bera t ion  l i m i t e d  i f  the reverberat ion i s  stronger than the ambient noise i n  
t h a t  i n t e r v a l .  
Output 
o f  the 
para1 l e l  
f i l t e r s  
DETECTION 
The o u t p u t  of such a system might be presented in the manner shown 
below, where the shaded areas represent individual f i l t e r  outputs which have 
+ exceeded the threshold T: 





where T is the threshold setting. 
DETECTION THRESHOLD 
EL 2 DNL + @ 
The d&ection p a c u d  conhi,& 06 debignating a t h ~ e ~ h u L d  T which, 
when exceeded, caUe.4 a detection t o  be tecokded. I f  the s igna l  i s  much 
st ronger than t h e  noise, i t  i s  c l e a r  t h a t  a th resho ld  can be def ined t h a t  
w i l l  a l l ow  v a l i d  s igna ls  t o  be recorded w h i l e  i gno r ing  t h e  noise. However, 
when the  s igna l  and no ise  a re  o f  comparable i n t e n s i t y ,  any th resho ld  t h a t  
w i l l  ca tch  a reasonable number o f  v a l i d  s igna ls  w i l l  a l so  reco rd  "detec- . 
t i o n s "  when a v a l i d  s igna l  i s  absent. 
- 
The p r o b a b i l i t i e s  of o b t a i n i n g  ( 1 )  a c e r t a i n  ampl i tude o f  t he  no ise  
a lone and (2)  a c e r t a i n  amp1 i t u d e  o f  t he  signal-and-noise a r e  sketched 
be1 ow: 
where An = the mean value of t he  ampli tude w i t h  noise a lone 
As.+n = t he  mean value o f  the  ampli tude w i t h  s igna l  and no ise  
o = a measure of the  w id th  of the curves (assumed equal ) 
T = t he  th resho ld  
The shaded area marked "detection" i s  the  p r o b a b i l i t y  o f  making a v a l 1 d  
d e t e c t i o n  when the  th resho ld  i s  T. (The area under the  curve i s  taken a s  unG+y .  !
The shaded area marked " f a l s e  alarm" i s  t he  p r o b a b i l i t y  of c l a im ing  a  d e t e c t i o v  
when the  s igna l  i s  absent. Thus, 
P(D) = Xhe p n o b a b U y  06  deteotion = the  area i nd i ca ted  by bTv 
P(FA) = t h e  p h o b a b ~ y  06 a 6&e aeahm = the  area i nd i ca ted  by ea 
DETECTION INDEX d 
4 
We need t o  d i n d  hame himpee 
c h i t d o n  d which WAX? dehcrcibc 
haw the  cwrvea 06 noAe a ~ d  
hignat-and-nohe a Z E E i p ,  since 
Tor a g iven value o f  threshold,  
i t  i s  t h e  over lap o f  the curves 
which es tab l ishes the  r e l a t i v e  
values o f  P(D) and P(FA). 
- 
Not ice  the c o n f i g u r a t i o n  of 
t h e  two curves g iven i n  the  f i r s t  
graph. The curves are  q u i t e  well- 
separated, i n  t h a t  t h e i r  peaks 
occur a t  amplitudes whose d i f f e r -  
ence i s  l a r g e r  than the  a. 
a' = 25. The curves now are  not 
we1 1 -separated. 
I n  the  t h i r d  graph, the  
curves have the  same d' as i n  the  
second, b u t  the  two have been 
s h i f t e d  f a r t h e r  apar t  so t h a t  they 
are  wel l-separated. Indeed, com- 
par ison o f  the  f i r s t  and t h i r d  
graphs w i l l  reveal  t h a t  the  amount 
o f  over lap  o f  the  p a i r s  o f  curves 
i s  the  same: Not ice  t h a t  t h e  
r a t i o  o f  AS+, - A, t o  a i n  the  
s t  graph i s  i d e n t i c a l  w i t h  
t f o r  the  t h i r d .  
T As+n 72 A the  aepatation batween 
.the Awo cuhven i n  u n i t h  06 Ahii 
width 0 6  t h e  cwlveb wkich mmuhen 
how w&-sepamXed the .two cmvea 
m e .  
It i s  thus p l a u s i b l e  t o  




Study t h e  e f f e c t s  of changing (1) t h e  p o s i t i o n  o f  t h e  
t h re sho ld  and ( 2 )  t h e  va lue  of t h e  d e t e c t i o n  index on t h e  proba- 
b i l i t i e s  of d e t e c t i o n  and f a l s e  alarm. I f  t h e  o r i g i n a l  configu- 
r a t i o n  of t h e  no i se  curve ,  s ignal-and-noise curve,  and t h r e s h o l d  
a r e  a s  g iven  i n  t h e  t o p  curve,  then  w e  can e s t a b l i s h  t h e  i n d i -  
ca t ed  P ( D )  and P ( F A )  by t h e  shaded a r e a s .  Now, i f  t h e  t h re sho ld  
is lowered, a s  i n  t h e  second f i g u r e ,  then  P ( D )  shows some 
inc rease ,  b u t  t h e  P(FA) i n c r e a s e s  r a t h e r  d r a s t i c a l l y :  lowening 
t h e  thneahoLd incheases t h e  p&obabiLiZy od a detection, but t h e  
" cLuttek" a h  v inch eah eh . 
On t h e  o t h e r  hand, i f  t h e  n o i s e  curve and th re sho ld  a r e  
maintained c o n s t a n t ,  but  t h e  s i g n a l  g e t s  s t r o n g e r ,  then  t h e  curve 
of signal-and-noise w i l l  move t o  t h e  r i g h t .  This  means t h a t  t h e  
d e t e c t i o n  index i n c r e a s e s ,  and t h e  P ( D )  i n c r e a s e s  whi le  P ( F A )  
remains t h e  s a m e .  Th is  says  no more than  t h a t  a  s t r o n g e r  s i g n a l  
has a  g r e a t e r  p r o b a b i l i t y  of being d e t e c t e d .  
I f  t he  s t a t i s t i c a l  p r o p e r t i e s  of t h e  n o i s e  a n d , t h e  combined 
signal-and-noise a r e  known, then  it i s  p o s s i b l e  t o  make curves  
of t h e  P ( D )  and P(FA) r e l a t i o n s h i p s  f o r  v a r i o u s  va lues  of de tec-  
t i o n  index. These a r e  known a s  Receiver Operat ing C h a r a c t e r i s t i c s  
( ROC) curves .  
RECEIVER OPERATING CHARACTERISTICS. 
ROC 
A representative set of ROC curves is shown below: 
Each SONAR h e c e i v e 4  wit[ have i t b  o w n  i n d i v i d u a l  a e t  
DETERMINING THE REQUIRED P (FA) 
T o  avoid d i a h u p t i v e  numbens 0 6  6aLse aLahma, Xhe pnoba- 
b i l i t y  0 6  0 b t a i n i n g . a  6aLse atanm @om each anaLysin 0 6  t h e  
h e c e i v e d - a i g n a l  muat be cahe6ul&j conkhoLLed: 
I EXAMPLES : 
1. A pas s ive  SONAR c o n s i s t s  of 1 0  p a r a l l e l  f i l t e r s ,  each 
of which i s  analyzed f o r  1 sec. I f  t h e r e  i s  t o  be no more than 
1 f a l s e  alarm every 1 0  sec, what must P(FA) be? 
I n  1 0  sec, t h e r e  have been 1 0 0  samplings of t h e  ou tpu t s  of 
t h e  f i l t e r s .  Thus ,  i h e h e  must be a  P ( F A )  = 1/100 = d o h  
each sample. 
I 2. An a c t i v e  SONAR has a  3.6O beamwidth and looks  i n t o  I a l l  bearin,gs. The pu lse  du ra t ion  i s  66.7 msec and t h e  maximum I useable  range i s  20 km. Each t i m e  t h e  range-bearing d i s p l a y  i s  I presen ted ,  which is  once f o r  each pu lse ,  t h e r e  must be no more I than  1 0  f a l s e  alarms.  (This  would y i e l d  1 0  " b l i p s "  on t h e  d i s -  I play f o r  each pulse .  The opera tor  watching t h e  d i s p l a y  could 
b e , t r a i n e d  t o  ignore  i nd iv idua l  b l i p s ,  bu t  t o  watch f o r  t h e  same, 
o r  neighboring,  range-bearing c e l l s  showing b l i p s  f o r  a  succes- 
s ion  of d i sp l ays .  ) Find P (FA)  . 
There a r e  1 0 0  beams of 3.6O width. The r e c e i v e r  cannot 
d i s t i n g u i s h  between two t a r g e t s  on t h e  same bear ing i f  they  a r e  
separa ted  by a  range increment l e s s  than CT ( c  i s  t h e  speed of 
sound i n  t h e  water and T i s  t h e  pu l se  d u r a t i o n ) .  A s  a  r e s u l t ,  
4 t h e r e  a r e  20 k m / ( c ~ )  = 2 x 1 0  m/(1500 m / s  66.7 x  sec) 
= 200 range increments i n  each beam. Thus, t h e r e  a r e  100 x  200  
4 
= 2 x  1 0  bear ing range c e l l s  examined i n  each pulse .  No more 
than 10 of t h e s e  must be r e g i s t e r i n g  a  f a l s e  d e t e c t i o n .  I t  
4 6oLLows fha* P(FA)  = 1 0 / ( 2  x  1 0  ) = 5 x 
Notice t h a t  d  must be l a r g e  enough t h a t  f o r  P ( D )  = 0.5 t h e  
P ( F A )  w i l l  no t  exceed t h e  maximum decided upon. This s e t s  a  
lower l i m i t  on d  and an upper l i m i t  on t h e  range of d e t e c t i o n .  
DETECTION INDEX AND P (FA) FOR SPECIFIED P ( D )  
The curve below shows a REPRESENTATIVE p l o t  of t h e  r e l a -  
t i o n s h i p  between d and P (FA) f o r  the c a s e  P ( D )  = 0.5. It was 
obtained from a set o f  ROC curves  s i m i l a r  t o  those  on page 111. 
A s i m i l a r  curve could  be obtained f o r  any s p e c i f i e d  P ( D ) .  
P ( F A )  
T k i b  cukve i b  % e p t e b e f l , t a f . i v e  only! Every SONAR system 
d i l l  have i ts  own s p e c i f i c  ROC curves  and there fore  i t s  own 
set of d vs .  P (FA) curves f o r  each P ( D l  . 
DETECTION THRESHOLD (PASSIVE) 
SL - TL >_ DNL + @ 
For a passive detection system with a completely unknown 
* 
signal and Gaussian noise, the best performance is obtained by 
filtering in a bandwidth w and then taking the square of the 
signal, and accumulating over a processing time T. If the 
signal-to-noise ratio is small, it can be shown that the 
detection threshold for this process is 
where W T ~ S  called the time-bandwidth product. 
To decrease DT for a fixed d, it is necessary to increase 
the time-bandwidth product. 
Footnote: 
The detection threshold used in this material is that cal- 
culated over the complete bandwidth of the processor. It often 
occurs that what is specified is the detection threshold in a 
one Hertz bandwidth, DT(1). This latter quantity occasionally 
leads to SONAR equations which have a slightly simpler format 
when it is assumed that the spectrum levels are constant over 
the bandwidth of the system. Otherwise, we feel that the use 
of DT(1) introduces more possibilities for confusion, so that 
its use creates more problems than it solves. [ I n  pant iculan,  
i d  Unick ' s  b o o k  i s  s t u d i e d ,  it mudt be d u l l y  undekstaad t h a t  
whenean he uses DT thnaughaut man2 a d  t h e  t ex - t ,  h i s  chapten 
devoted t a  t h e  de-tecXian th t~eahold  uses DT(~) . ]  The formula 
relating the two quantities is 
DT(1) = DT + 10 Rog w. 
"Gaussian noise means noise whose curve of probability density 
P ( A )  vs. amplitude A resembles the "bell-shaped" or Gaussian 
distribution. 
DETECTION THRESHOLD (ACTIVE) 
SL - 2TL + TS 2 DNL + 
Energy Detection 
I f ,  as was the case for  the passive SONAR equations, the mechanism for  
the detection of the desired signal i s  based on detecting an excess of 
acoustical energy in the frequency band of interest ,  then we have the same 
expression for the detection threshold, 
where T i s  the integration time. In the case of active sonar, r should be 
the duration of the received echo. I f  the integration time i s  less than or 
greater than th i s  pulse duration, i t  can be shown that the DT i s  increased 
above th is  expression, and performance degraded. 
Correlation Detection 
An alternative mode of signal processing i s  possible in the case of 
active SONAR. Since the amplitude and frequency properties of the tone 
burst generated by the source are  known, i t  i s  possible t o  search for a 
signal of these same properties i n  the received echo. If the detailed 
shape of the received echo matches that of the sent pulse, then i t  can be 
shown that the detection threshold i s  given by, 
There are many modifications of th is  basic idea, b u t  a l l  rely on the tech- 
nique of multiplying the received signal by a time-delayed model of the sent 
pulse and integrating the resultant product over the pulse duration. This 
i s  done for monotonically increasing delay times, and the resulting function 
of delay time studied for the presence of a sharp peak representing the 
matching of the delayed replica with the same signal appearing i n  the 
received signal and noise. 'In pmckice, the  6inike s i z e  06 t he  tanget, 
muRtiptLth in tm6aence ,  and t h e  ~&otua;tiau intxcduced by t he  AzhomogenWen 
06 t he  khannmhaion 06 ,the sign& tkough  t h e  &en aetm t h e  neceived echo 
A 0  ;that the  c o h h ~ o n  phoce66 h not an good aA w a d  be duihed. As a 
trenuRt, the  DT 6on a heat syh tem o p W n g  i n  :the he& waned h mahe ;than 
fie theotr&ca.t exptasion would pedick.  
PUTTING I T  ALL TOGETHER 

























Echo Level ( ac t ive ) ,  o r  rece ived  S igna l  Level (pass ive) - -  
The d e s i r e d  s i g n a l  l e v e l  sensed by t h e  d e t e c t o r .  
Masking Level 
Detected Noise Level 
Detect ion Threshold 
Source Level 
Transmission Loss 
Target  S t rength  of t h e  d e s i r e d  t a r g e t  ( a c t i v e )  
Band Level 
Pressure  Spectrum Level 
Source Spectrum Level 
Noise Level 
Noise Spectrum Level 
D i r e c t i v i t y  Index of a c o u s t i c a l  source  o r  r e c e i v e r  
Array Gain of t h e  r e c e i v e r  
Reverberation Level ( a c t i v e )  
Target  S t rength  of s c a t t e r e r s  causing r eve rbe ra t ion  
( a c t i v e )  
pu l se  du ra t ion  of t h e  a c o u s t i c a l  s i g n a l  o r  process ing 
t ime i n  t h e  r e c e i v e r  
a measure of t h e  s c a t t e r i n g  c ross -sec t ion  per  u n i t  volume 
s c a t t e r i n g  s t r e n g t h  f o r  volume s c a t t e r e r s  
a measure of t h e  s c a t t e r i n g  c ross -sec t ion  per  u n i t  a r e a  
s c a t t e r i n g  s t r e n g t h  f o r  su r f ace  s c a t t e r e r s  
bandwidth of t h e  r e c e i v e r  
d e t e c t i o n  index f o r  t h e  r e c e i v e r  
PASSIVE SONAR EQUATIONS 
r 
SL - TL 2 DNL + DT 
DNL = NSL + 10 Log w - AG 
BROADBAND W I T f f  N E G L I G I B L E  T O N A L S  
If SSL and NSL are e s s e n t i a l l y  cons t an t  over t h e  band 
width w of t h e  r e c e i v e r ,  
t 
(SSL + 10 Log W) - TL 1 [(NSL + 10 tog W) - AG] + DT 
* 
o r ,  as i s  o f t e n  w r i t t e n ,  
SSL - TL >_ NSL - AG + DT 
T O N A L S  W I T H  N E G L I G I B L E  C O N T R I B U T I O N  FROM BACKGROUND 
If SL i s  t h e  source l e v e l  of t h e  t o n a l ( s )  i n  t h e  bandwidth 
w of t h e  r e c e i v e r  and i f  NSL i s  e s s e n t i a l l y  cons t an t  over w ,  
then  
f r I SL - TL >, [(NSL + 1 0  Log W) - AG] + DT I 
I d  - bo th  tonaLs and bnoadband n o i s e  appean i n  t h e  t e c e i v e n  
bandwidth, t h e  t o t a l  Souhce Level  must be obta ined  b y  hubd iv id ing  
t h e  d u l l  bandwidth in,to smalLet  segments ,  dinding t h e  Band Level 
don each hegment and t h e n  combining aLL Xhe &veLb. 
ACTIVE SONAR EQUATIONS 
9 
SL - 2TL + TS > DNL + DT 
NSL + 10 log w - AG 
DNL ' = 
for noise 
for reverberation 
TS - TS'  > DT 
- 
SL - 2TL + TS 2 NSL + 1 0  Log w - AG + DT 
c 
EXAMPLE 1 
A submarine with a 160 dB re 1pPa line at 500 Hz crosses a 
convergence zone at 40 km from an omnidirectional hydrophone. 
The bandwidth of the receiver is sufficient to encompass a 
range rate of 20 kts and the Sea State is 3. Assuming a 
convergence gain of 11 dB, find out how long the signal must 
-4  be accumulated to give a P(D) = 0.50 and a P (FA) = 10 . 
The passive SONAR Equation is 
SL - TL 2 DNL + DT , 
Given : SL = 160 dB re 1 p a  
f = 500 Hz 
r = 4 0 k m  cz 
k = 20 kt (required capability) 
DI = 0 (omnidirectional receiver) 
G = 11dB 
The expected Transmission Loss at 40 krn is: 
TL = 2 0 L o g r + a r - G  
The Detected Noise Level in a Sea State 3 is found from 
DNL = N S L + l O L o g w - D I  
where 
w = 0.7(20)(0.5) = 7 H z  
Thus DNL = 6 6 d B + l O L o g 7  - 0  
= 66 + 8.5 = 74.5 dB re 1pPa 
Now, solve for DT: 
Also, 
d DT = 5 l o g  ;.
-4  But d = 15 f o r  P(D) = 0.5, P(FA) = 1 0  , a s  obtained from 
t h e  curve on page 113. Then 
EXAMPLE 2 
A conventional submarine at periscope depth is traveling at 
4 kts. The Sea State is 3 and the mixed layer depth is 100 m. 
At what range will the submarine be detected by a 36 m deep 
hydrophone listening at 1000 Hz if DI = 20 dB and DT = 0 dB? 
Assume broadband detection. 
The passive SONAR Equation is 
SSL - TL 2 NSL - DI + DT. 
Given : k = 4 k t  f = 1000 Hz 
D = 100 m DI = 20dB 
z = 3 6 m  DT = 0 dB 
0 
In the absence of other information, SSL is estimated from 
the material in the text to be 
For NSL, take the value at 1000 Hz for Sea State 3 from the 
graph on page 97, NSL = 62 dB re 1Wa. 
Now 
TL h SSL - NSL + DI - DT 
must exceed 
fmin = ( 2  x 1 0 ~ 1 ~  -3/2 = 200 Hz 
Since f = 1000 Hz > fmin, the sound - can be trapped, and we can 
use TL for the mixed layer, 
TL = 10 Log rt + LO Log r + (a + b/rs)r I 
Since w e  d o n ' t  know t h e  exac t  depth  of t h e  submarine no i se  
source  i n  t h e  mixed l a y e r ,  w e  use t h e  r e c e i v e r  depth  in s t ead  
t o  ob ta in  rt. The r e c e i v e r  i s  probably deeper than a  conven- 
t i o n a l  submarine a t  per iscope depth,  s o  t h i s  choice  g i v e s  a 
l a r g e r  rt and hence a  more conserva t ive  e s t ima te  of TL. 
Then 
From t h e  graphs and equat ions:  a  = 6 x  dB/m 
b  = 3.1 dB/bounce (Schulkin) 
Then 
a  + b/rs  = 4.3 x  dB/m 
so  t h a t  
TI, = 1 0  Log 1310 + 1 0  Log r + (4.3 x  r 5 78 dB. 
Re-arrange 
10 Log r + (4.3 x r < 47 dB f o r  de t ec t ion .  
Solve t h i s  by t r i a l  and e r r o r .  Begin by ignor ing absorp t ion  
( t h u s  over-es t imat ing)  and f i n d  t h e  i n i t i a l  va lue  of r from 
4 Log r = 4.7 o r  r = 5 x  1 0  m. The s o l u t i o n  then  proceeds a s  
i n  t h e  t a b l e  below: 
4 Range a t  d e t e c t i o n  is r = 1.34 x 1 0  m which is  beyond rt . 
-
r 
4 5 x 1 0  m 
2 l o 4  
1 .5  x l o 4  
1 .3  x  l o 4  
1.34 x  l o 4  
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41.27 













Repeat Example 2 wi th  f = 1 0 0  Hz. Assume 
would be encountered i n  t h e  Mediterranean 
"heavy shipping" a s  
Sea. 
W e  have t h e  same SONAR Equation,  
SSL - TL 2 NSL - DI 
D = 1 0 0  m 
'min = ( 2  
Then f = 1 0 0  Hz < 
'min 
Sea S t a t e  3, NSL1 = 6 1  dB 
Heavy Shipping,  NSL2 = 75.5 dB 
Absorption, a = 1 . 0  x l o w 6  dB/m 
D I  = 2 0  dB 
DT = 0 dB 
SSL = 133 dB from page 8 4 .  
NSL = 75.7 d~ (nomogram) 
Because t h e r e  i s  no t r app ing ,  and i n  t h e  absence of any 
o t h e r  a l t e r n a t i v e ,  we use  s p h e r i c a l  spreading:  
TL = 20 Log r + a r  
NOW I TL 5 SSL - NSL + D I  - DT 
o r  TL 5 133 - 75.7 + 20 - 0 = 77.3 dB 
Must so lve  20 Log r + (1 x 1 0 - ~ ) r  = 77.3 
3 Neglect absorp t ion  f o r  f i r s t  es t imate :  r = 7.3 x 1 0  m. 
r 20  Log r (1 x 1 0 - ~ ) r  To ta l  
7.3 x 1 0  7 77.3 7.3 .X 77.3 
Thus, absorp t ion  proves n e g l i g i b l e  and t h e  range a t  d e t e c t i o n  
is  j u s t  t h e  f i r s t  es t imate :  
3 
r = 7.3 x 1 0  m 
This example p o i n t s  o u t  t h e  importance of always checking t o  
s e e  i f  any assumptions have been v i o l a t e d  by t h e  given parameters.  
EXAMPLE 4 
An a c t i v e  SONAR ope ra t e s  a t  1 kHz wi th  a  source  l e v e l  of 220 dB 
re lpPa,  a  d i r e c t i v i t y  index of 20  dB, a  h o r i z o n t a l  beam width 
of l o 0 ,  and a  pu l se  l eng th  of 0 . 1  sec .  Cor re l a t i on  d e t e c t i o n  
-4 i s  used and it i s  d e s i r e d  t o  have P(D) = 0.50 wi th  P(FA) = 1 0  . 
The t a r g e t  s t r e n g t h  of t h e  submarine i s  expected t o  be 30 dB 
and i t s  speed may be up t o  20 k t s .  Both t h e  SONAR and t h e  
submarine a r e  i n  a  mixed l a y e r  of depth  100 m wi th  t h e  source  
a t  36  m. The Sea S t a t e  i s  3. The s c a t t e r i n g  s t r e n g t h  f o r  sur-  
f a c e  s c a t t e r e r s  is  -30 dB, and volume s c a t t e r i n g  i s  n e g l i g i b l e .  
Find t h e  maximum range of d e t e c t i o n  f o r  50% p r o b a b i l i t y  of 
de t ec t ion .  
The SONAR Equation is  
SL - 2TL + TS I DNL f DT, 
Given : f  = 1 kHz = 20 k t  
SL = 220  dB r e  1pPa Sea S t a t e  = 3  
T = 0 . 1  sec  - Ss - -30 dB 
D I  = 2 0 d B  TS = 3 0 d B  
8 = l o 0  D = 1 0 0  m 
Z s  = 3 6  m 
The s ta tement  of t h e  problem suggests  t h a t  t h e  necessary band- 
width of t h e  r e c e i v e r  is  n o t  d iv ided  up among p a r a l l e l  proces- 
s o r s ,  so t h a t  (1) t h e  ambient no ise  must be c a l c u l a t e d  a c r o s s  
t h e  f u l l  bandwidth of t h e  system, and (2)  echo and r eve rbe ra t ion  
cannot be separa ted  i n  frequency. 
Evaluate  t h e  s epa ra t e  terms: 
d  DT = 1 0  Log - 2 WT 
d  = 15 by t h e  same c a l c u l a t i o n  a s  i n  Example 1. 
DT = 1 0  Log 1 5  = 4 . 3  d B  
( 2 )  ( 2 8  sec-l) ( 0 . 1  sec) 
TL = 1 0  l o g r t  + 1 0  t o g r  + ( a  + b / r s ) r  
r = 1 3 1 0  m t 
r = 8 4 0 0  m from E x a m p l e  2 S 
a + b / r s  = 4 . 3  x 
TL = 1 0  Log r + ( 4 . 3  x 1 0 - ~ ) r  + 3 1 . 2  
D N h  = NSL - D I  + 1 0  Log W ss = 3 
- - 
NSL = 6 2  d B  f r o m  graph on page 97 
2 at, 
L = RL = SL - 2TL + T S '  Ss = -30 d B  
8 c ~  'IT TS = Ss + l o t o g T  + 1 0 ~ o g r  B = ~ O ~ ( & O )  = m  
= -30 + 1 0  Log 1 8  5 0 )  + 1 0  log 2 
= -30 + 1 1 . 2  + 1 0 t o g r  
= -18 .8  + 1 0  Log r 
DNLR = 220  - 2 [ 1 0  tog r + ( 4 . 3  x r + 31 .21  + [ -18 .8  + 1 0  Log r] 
-4 
= 1 3 8 . 8  - 1 0  Log r - ( 8 . 6  x 1 0  )r 
R e w r i t e  t h e  SONAR E q u a t i o n  
2TL < SL + TS - DNL - DT 
< 220  + 3 0  - 4 . 3  - DNL 
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FOM = 
245.7 - DNL 
2TL - 
FOM 
4 Maximum range i s  2.73 x 1 0  m. 
ln6&tuc,tiafld : 
t h e  problems. 
a )  I f  y o u  
SECTION. 
b) I f  you 
d i s c u s s i o n  and 
APPENDIX: LOGS 
F o r  e a c h  l e t t e r ed  SECTION, f i r s t  a t t e m p t  t o  do 
( T h e  a n s w e r s  are on t h e  l a s t  p a g e . )  
e n c o u n t e r  - no d i f f i c u l t i e s ,  s k i p  t o  t h e  n e x t  
do e n c o u n t e r  d i f f i c u l t i e s ,  read t h r o u g h  t h e  
t h e n  t r y  t h e  p r o b l e m s  again. Go t o  t h e  n e x t  
SECTION o n l y  w h e n  y o u  can  do t h e  problems w i t h o u t  d i f f i c u l t y .  
A. EXPONENTIAL NOTATION 
P r o b l e m s  A 
Write e a c h  of t h e  f o l l o w i n g  n u m b e r s  i n  e x p o n e n t i a l  f o r m :  
a )  2 , 3 6 5 , 0 0 0  = 2 . 3 6 5  x 1 0  6 
b)  8 7 2  
Write e a c h  o f  t h e  f o l l o w i n g  n u m b e r s  i n  c o n v e n t i o n a l  f o r m :  
a )  2 . 6 8 9 ~ 1 0 ~  = 2 6 8 . 9  
b)  7 . 3 0 ~ 1 0  2  
C )  6 . 2 9 ~ 1 0  4 
d) 8 . 9 ~ 1 0  6 
e)  3 . 2 6 1  x l o 2  
f )  1 . o o x 1 0  0  
Write e a c h  o f  t h e  f o l l o w i n g  n u m b e r s  i n  e x p o n e n t i a l  f o r m :  
a )  0 . 0 0 2 5 2  = 2 . 5 2  x l o e 3  
b) 0 . 0 1 2  
c )  0 . 0 0 0 0 2  
a) 0 . 0 1 0 0 2  
e) 0 . 0 0 3 2 8  
f )  1 . 0  
4 .  Write each of t h e  fol lowing numbers i n  convent ional  form: 
a )  1.03 x = 0.00000103 
A s u c c i n c t  w a y  0 6  expnehs ing  Vekg l a k g e  and vexg  s m a l l  
numbexs i 6  by e x p o n e n t i a l  ( o k  n c i e n f i 6 i c )  n o f a f i o n .  
For example, one-hundred and twenty-six m i l l i o n  can be 
w r i t t e n  e i t h e r  a s  
126,000,000 
where t h e  exponent 8 denotes  t h e  nunber of p l aces  t h a t  t h e  
d e c i r a l  must be moved t o  t h e  r i g h t  t o  express  t h e  number i n  
i t s  convent ional  form. 
A s  another  example, one-hundred and twenty m i l l i o n t h s  can 
be w r i t t e n  e i t h e r  a s  
0 . 0 0 0 1 2 0  
o r  a s  
1 . 2  
where t h e  nega t ive  exponent denotes  t h a t  t h e  decimal p lace  i s  
t o  be moved t o  t h e  - l e f t .
There i s  nc unique way of express ing a number i n  exponen- 9 
t i a l  form. (Note t h a t  1 . 2 6  x l o 8  = 1 2 6  x l o 6  = 0 . 1 2 6  x 1 0  . )  
1 A n p e c i a e  caae t h a 2  must be warched is 
B. ALGEBRA OF EXPONENTS 
Problems B 
1. Calculate the following and express the answer in exponential 
form : 
a) 6.15 x lo3 + 2.34 x lo3 = 8.49 x 10 3 
b) 3 . 2 x 1 0 ~ - 1 . 4 6 ~ 1 0  3 
4 
c) 9.1 X 10 + 2.4 x 10 5 
.- 
d) 3 . 5 8 x 1 0 - ~ + 1 . 2 6 ~ 1 0 - ~  
e) 6 x + 3.281 x 
f) 3 . 5 x 1 ~ 4 - 2 x ~ ~  1 
2. Calculate the following and express the answers in exponen- 
tial form: 
4 
a) (2.50 x lo6) x (2.00 x 10 ) = 5.00 x 10 10 
I,) (4.40 104)/(2.20 lo5) 
3 
c) (3.26 x 10 ) x (2.00 x 
d) (5.34 x 10-~)/(2.67 x lo5) 
e) (8.68 x 10-~)/(4.34 x 
3. Calculate the following and express the answers in exponen- 
tial form: 
a) (1.1 x 104j2 = 1.21 x 10' 
b) ( 2 . 0 ~ 1 0  -3) 4 
2 + c )  (1.44 x 10 ) 
-2 + d) ( 1 . 4 4 ~ 1 0  1 
6 1/3 
e) ( 3 . 0 ~ 1 0 )  
4 0.5 f) ( 2 . 5 6 ~ 1 0 )  
-6 0.3333... g )  ( 8 x 1 0  1 
T o  add and b u b t x a c t  numbehb e x p t e a a e d  i n  e x p o n e n t i a l  6 u t m  
i,t ih Meceaaahq f a  expheaa b a t h  n u m b e u  i n  t h e  /$ame e x p o n e n t .  
For example, adding 3.56 x lo4 to 2.1 x lo3 is accomplished by 
When asked t o  s u b t r a c t  8.67 x 1 0 - I  from 2.23 x  l o 3 ,  no te  t h a t  
3 t h e  answer i s  2.23 x  1 0  : t h e  term t o  be sub t r ac t ed  a f f e c t s  
t h e  l a r g e r  term below t h e  f i g u r e s  r e t a i n e d .  
Exponential  n o t a t i o n  i s  very h e l p f u l  i n  c a l c u l a t i o n s  
involving m u l t i p l i c a t i o n  and d i v i s i o n .  W e  s ee  t h a t  
120 x 2000 = 240,000 
or  
(1.2 x l o 2 )  x (2  x l o 3 )  = 2 . 4  x 10 '  
and 
36,000/200 = 180 
o r  
2 2 (3.60 x l o 4 ) / ( 2  x  1 0  ) = 1.8  x  1 0  . 
The r u l e s  a r e  simple: 
1n m u l t i p L i c a X i o n ,  e x p o n e n t s  add :  l o n  x l o r n  = 1 0  (n+m) 
I n  d i v i s i o n ,  exponenzs  s u b t n a c t :  1 0 ~ / 1 0 ~  = 
A r e s u l t  of t h e s e  r u l e s  i s  t h e  u s e f u l  conversion 
1/10" = 1 o 0 / 1 o n  = l o - "  , 
which a l lows exponents t o  be moved between numerator and deno- 
minator.  
Power and r o o t s  a r e  t r i v i a l  i n  exponent ia l  no t a t i on :  
3  3  6 ( 1 . 2  x  1 0 3 1 2  = ( 1 . 2  x  1 0  ) x ( 1 . 2  x  1 0  ) = 1 . 4 4  x  1 0  , 
o r ,  f o r  any power n  
and, 
3 ( 1 . 4 4  x  l o 6 ) '  = ( 1 . 4 4 ) '  x  ( 1 0  6 i i = 1 . 2 x 1 0  ) , 
o r  f o r  any power of n  
C .  LOGS (IN BASE TEN) 
Problems C 
A 1. Evaluate y 
a) y = l o g 1 0  3 
-6 b) y = Log 10 
w 
C) log 1oY = 4 
d) Log loY = -3 
e) tog loY = O 
The l o g  06  x i n  dedined an f h e  powen Xo which 10 muof be 
hained t o  g e t  x: 
then 
y = Log x 
The log of x is y 
0 
~ h e ~ o g o f  1 is 0: 1 -  10'; log 1 = ~ o g 1 0  = 0. 
1 
The Log of 10 is 1: 10 = 10' ;log 10 = log 10 = 1. 
2 2 
The Log of 100 is 2: 100 = 10 ; log 100 = log 10 = 2. 
Thus, 
D. DECIMAL EXPONENTS 
P r o b l e m s  D 
T h e  t ab le  b e l o w  w i l l  a l l o w  y o u  t o  c a l c u l a t e ,  w i t h  a f a i r  
degree of a c c u r a c y  i n  i n t e r p o l a t i o n ,  a l l  L o g s .  
x 
I f  m o r e  a c c u r a c y  i s  desired, it w i l l  be n e c e s s a r y  t o  u s e  a s l ide  
r u l e ,  calculator ,  o r  m o r e  exact tables.  
1 . 0  1 . 2  1 . 5  1 . 7  2 . 0  2 .5  3 .0  3 . 5  
x 
Log  x 
1. F i n d  3 .  F i n d  
a )  Log  4  a )  Log  5  1 / 3  
b) Log 40 b) L o g  0 .333 . .  . 
Log  x 0 .00  0 .08  0 .18  0 . 2 3  0 . 3 0  0 . 4 0  0 . 4 8  0 . 5 4  
4 .0  5 . 0  6 . 0  7 . 0  8 . 0  9 . 0  1 0 . 0  
0 . 6 0  0 . 7 0  0 . 7 8  0 . 8 5  0 . 9 0  0 . 9 5  1 . 0 0  
C )  Log  0 .4  
d) Log 4 2  
C )  Log  480  
d)  Log 0 . 0 8  1 . 7  
e) Log 1 / 4  e )  tog 10' 
2 .  F i n d  t h e  number  w h o s e  Log  is: 4 .  F i n d  t h e  number  w h o s e  Log i s :  
a )  0 . 7 0  a )  3 . 6 0  
b )  1 . 7 0  b) 2 . 6 0  
C )  -1 .30  C )  - 3 . 1 0  
d) -1 .70  d )  -2.60 
e) -2 .70  e) 2 . 6 8  
S o  f a r  we h a v e  assumed in teger  exponents, b u t  e v e r y t h i n g  
we have sa id  a lso  is  t r u e  f o r  d e c i m a l  e x p o n e n t s .  F o r  e x a m p l e ,  
since 
t h e  Log of 2 .0  i s  very c l o s e  t o  0.30 
A s  another  example, 
Log 5.0 0.70 
s i n c e  
100.70 = 5.0,  
Reca l l  t h a t  Log l o Y  = y .  This  can be used t o  gene ra t e  s e v e r a l  
very  u s e f u l  r e l a t i o n s :  
b  1. Let  x  = l o a  and y  = 10 . Then, 
t o g  xy = t o g  l o a  l o b  = ~ o g  10 a+b = a + b  = t o g  x  + ~ o g  y 
which y i e l d s  t h e  r e l a t i o n  
Log xy = Log x  + Log y  
For example, Log 36 = Log(4 9 ) =  Log 4 + Log 9 = 0.60 + 0.95 = 1.55.  
A s  another  example, 
-1 . L o g 0 . 2 = L o g ( 2 x l O  ) = L o g 2 + L o g 1 0 - ~ = O . 3 O - 1 . 0 0 = - O . 7 0  
2. L e t x = l o a .  Then, 
a  n Log xn = t o g  (10 ) = t og  l o a n  = na = n  l o g  x  
which y i e l d s  t h e  r e l a t i o n s h i p  
For example, Log 36 = L o g  62  = 2 Log 6  = 2(0.78) = 1.56 
3 .  From t h e  above, 
I - - h g x  Log g I 
For example, Log 0.2 = Log 1/5 = - Log 5 = -0.70 
Any Log can be brought i n t o  t h e  range of t h e  above t a b l e :  
For example, 
a) To find the Log of a number greater than 10, proceed 
as follows: 
3 Log 7000 = Log (7 x 10 ) = Log 7 + Log 10 3 
= 0.85 + 3 = 3.85. 
b) Analogously, for a number less than 1, 
log 0.003 = log (3 x = log 3 + Log 
E. THE DECIBEL 
Problems E 






2. The voltage of a signal is 1 Volt: find the signal 







i n  Volts)  : 
By convention, when the Log of a pressure or voltage is nul- 
tiplied by 20, the resulting number is said to be measured in 
"decibels", denoted by dB. 
20 Log 10 = 20 (1) = 20 dB 
Decibels are used in two different ways: 
a) X a  expneh6 a haZio, such as the signal-to-noise ratio 
signal-to-noise ratio = 20 log (signal voltage/noise voltage) 
b) 20 exPhe4-d a LeveL, such as the signal level 
signal level = 20 Log (signal voltage/reference voltage) 
In the latter case it is absolutely essential to specify the 
reference. e.g., "the signal level is 120 dB re Volts". 
ANSWERS 
P r o b l e m s  A: 
1. a) 2 . 3 6 5  x l o 6  
b) 8 . 7 2 ~ 1 0  2 
C) 3 .34  l o 3  
d)  4 . 2 1 ~ 1 0  1 
e)  6 . 1 2 ~ 1 0 ~  
f )  1 . 0  x l o 0  
P r o b l e m s  B: 
1. a )  8 .49  x l o 3  
b) -1 .14  x 1 0  3  
C )  3 ~ ~ 1 0 ~  
d)  4 .84  x 
e) 3 .34  x 
f )  3 . 5  x 1 0  4  
P r o b l e m s  C: 
1. a)  3 
b) -6 
C )  4  
d) -3 
e) 0  
Problems D: 
1. a )  0 .60  
b) 1 . 6 0  
c )  -0 .40  
d )  1 . 2 0  
e )  -0.60 
Problems E: 
1. a )  6 d B  
b) -6 dB 
c )  2 0  d ~ '  
d )  -20 dB 
e) 4 0 d B  
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